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Abstract. We classify birational maps into elliptic fibrations of a general quasismooth hyper- 
surface in P(l, ai, ei2, az, 0,4) of degree Yli=i ai that has terminal singularities. 



1. Introduction. 

Let X be a quasismooth hypersurface in P(l, ai, 02, 03, 04) of degree d = Ylt=i a * that has 
terminal singularities, where a\ ^ ai ^ 03 ^ 04. Then the hypersurface X is a Fano threefold, 
and there are exactly 95 possibilities for the four-tuple (a±, 02, 03, 04). We use the notation n for 
the entry numbers of these families, which are ordered in the same way as in (Tj. 

Suppose that the hypersurface X is general. The following result is proved in 0. 

Theorem 1.1. The hypersurface X is birationally rigid 1 . 

For every n there are involutions tl,... , Tfc n € Bir(X) that generates the group Bir(X) up 
to biregular automorphisms (see [0]). In the case when n ^ {7,20,60} and k n > 0, the hyper- 
surface X can be birationally transformed into an elliptic fibration that is invariant under the 
induced action of the group Bir(X), which is used in L 4 to find relations between t\,... ,T)- n - 

It is natural to try to classify all birational transformations of the hypersurface X into elliptic 
fibrations, which is equivalent to the following problem: find all rational maps I--* P 2 whose 
general fiber is birational to an elliptic curve. Let us consider few examples. 

Example 1.2. Let n = 1. Then X is a quartic threefold. Let £ : X --■ *• P 2 be a projection from 
a line that is contained in X. Then a general fiber of the map £ is an elliptic curve. 

Example 1.3. Let n = 2. Then X is a hypersurface in P(l, 1, 1, 1, 2) of degree 5, which has one 
singular point of type i(l, 1, 1). There is a commutative diagram 



Y 



X 



z 



where tp is the natural projection, tt is a weighted blow up of the singular point of the hypersur- 
face X with weights (1,1,1), 7 is a birational morphism that contracts 15 irreducible smooth 
rational curves C±, . . . , C15, and 77 is a double cover. Put £ = \ where x : P 3 __ 
projection from the point r/ o 7(Cj). Then a general fiber of the map £ is an elliptic curve. 



2 is a 



Example 1.4. Let n = 17. Then X is a hypersurface in P(l,l,3,4,4) of degree 12, whose 
singularities consist of three singular points of type 7(1, 1,3). There is a commutative diagram 



U 



X 



W 



(1,1,4), 



^Let V be a Fano variety of Picard rank 1 having terminal Q-factorial singularities. Then V is said to be bira- 
tionally rigid if it is not birational to any other Mori fiber space (see 0). The variety V is said to be birationally 
superrigid if it is birationally rigid and Bir(l/) = Aut(V). 



where £ is a projection, a is a weighted blow up of a singular point of type ^(1,1,3) with 
weights (1,1,3), f3 is a weighted blow up with weights (1,1,2) of the singular point that is 
contained in the exceptional divisor of the morphism a, and u is an elliptic fibration. 

Example 1.5. Let n = 26. Then X is a hypersurface in P(l,l,3,5, 6) of degree 15 that has 
two singular points of type |(1, 1, 2). There is a commutative diagram 

U 



X ---P(l,l,6), 

where £ is a projection, a is a weighted blow up of a singular point of type 3 (1,1,2) with 
weights (1,1,2), and uj is a morphism given by the linear system |— 6Kx |. Then the normalization 
of a general fiber of the rational map £ is an elliptic curve. 

Example 1.6. Let n = 31. Then X is a hypersurface in P(l, 1,4,5,6) of degree 16 that has a 
singular point of type g(l, 1,4), and there is a commutative diagram 

p 

W 



X ■- -P(l,l,6), 

where £ is a projection, a is a weighted blow up of the singular point of type |(1, 1,4) with 
weights (1,1,4), (3 is a weighted blow up with weights (1,1,3) of the singular point that is 
contained in the exceptional divisor of a, and uj is an elliptic fibration. 

Example 1.7. Let n € {7, 11, 19}. Then 02 = 03, and the hypersurface X has d/a,2 singular 
points of type ^-(1, 1, a-2 — 1)- Let £ : X — > P(l, ai, 02) be a rational map induced by a linear 
subsystem in the linear system | — a^Kx | consisting of surfaces that pass through a given singular 
points of type 1, 02 — !)• Then the normalization of a general fiber of £ is an elliptic curve. 

Example 1.8. Let n G {7, 9, 20, 30, 36, 44, 49, 51, 64}. Then X can be given by 

k-l 

tz k + ^2 9i{x, y, t, w)z l = or w 2 t + wg(x, y, z, t) + f(x, y, z, t) = C Proj (c[x, y, z, t, w]j , 

i=0 

where wt(x) = 1, wt(y) = a±, wt(z) = 02, wt(t) = 03, wt(w) = 04, and gi is a quasihomogeneous 
polynomial. Let £: X — » P(l, 01,03) be a rational map given by a linear system consisting of 
surfaces that are cut out by f(x,y,t) = 0, where f(x,y,t) is a quasihomogeneous polynomial of 
degree 03. Then the normalization of a general fiber of the map £ is an elliptic curve. 

Example 1.9. Let n {1,2,3,7,11,19,60,75,84,87,93}, and f: X — -> P(l,ai,a 2 ) be the 
natural projection. Then the normalization of a general fiber of the map £ is an elliptic curve. 

The purpose of this paper is to prove the following result 2 . 

Theorem 1.10. Let p: X — » P 2 be a rational map whose general fiber is birational to an elliptic 
curve. Then there is a commutative diagram 

X u >X 

1 

£1 IP 

V Y 



'l,ai,ai) 



j2 



where <f> is a birational map, a G Bir(X), and £ is one of the dominant rational maps constructed 
in Examples EH EH [T^J E3 EH [7//J O andUHA 

2 In the case when n € {1, 3, 14, 22,2 8, 34, 37, 39, 52, 53, 57, 59, 60, 66, 70, 72, 73, 75, 78, 81, 84, 86, 87, 88, 89, 90, 92, 
93, 94, 95}, the claim of Theorem QUI is proved in [Jj, [5], IS- 



Corollary 1.11. Let p: X —* P 2 be a rational map whose general fiber is birational to an 
elliptic curve. Suppose that n {1, 2, 7, 9, 11, 17, 19, 20, 26, 30, 31, 36, 44, 49, 51, 64}. Then there 
is a birational map P(l, 01,02) — » P 2 such that the diagram 

X 



V> x y \ P 
P(l,o 1 ,a 2 )-- -P 2 



commutes, where t/j is the natural projection. 

Corollary 1.12. The hypersurface X can be birationally transformed into an elliptic fibration 
if and only if n {3, 60, 75, 84, 87, 93}. 

To illustrate our technique let us prove the following result. 

Proposition 1.13. The claim of Theorem 1 1.1 (A holds for n = 14. 

Proof. Let n = 14. Then X is a hypersurface in P(l, 1, 1,4,6) of degree 12, the singularities of 
the hypersurface X consist of a singular point of type ^(1, 1, 1). Let if) : X — - > P 2 be the natural 
projection, and it: U — > X be a weighted blow up with weights (1, 1, 1) of the singular point of 
the hypersurface X. Then if) o n is an elliptic fibration. 

Let p: X — » P 2 be a rational map such that the normalization of a general fiber of the 
rational map p is an irreducible elliptic curve. Let us consider commutative diagram 

V 

P 

x P 2 , 

where V is smooth, a is a birational morphism, and (3 is a morphism. Let A4 be the proper 
transform of |/3* (Cp2 (1)) | on X. There is a natural number k > such that A4 ~ —kKx- Then 

~q a* {K x + tM) + ^2 a i E i ~«3 aiEi > 

i=l i=l 

where Ei is an o-exceptional divisor, a, is a rational number, and 5 is the number of exceptional 
divisors of the birational morphism a. It follows from 6 that ^ for every i, but that there 
is an index j such that aj ^ by Lemma 12.11 Put Zj = a(Ej). 

Suppose that Zj is a smooth point of X. Then mult^.^i • £2) ^ 4/c 2 by Lemma 1.10 in 0, 
but the linear system | — AKx\ induces a double cover X — > P(l, 1, 1, 4). Thus, we have 

2k 2 = H ■S 1 -S 2 > mult Zj (5i • S 2 ) ^ 4A: 2 , 

where S\ and S*2 are general surfaces of the linear system Ai, and H is a sufficiently general 
divisor in the linear system | —4Kx \ that passes through the point Zj, which is a contradiction. 

It follows from Corollary 12.91 that Zj is not a curve, which implies that Zj is the unique 
singular point of the hypersurface X. Let T> be the proper transform of the linear system A4 on 
the variety U. Then T> ~q —kKjj by Theorem 12. 21 which implies that T> lies in the fibers of the 
elliptic fibration t/j o n, which concludes the proof. □ 

Let us describe the structure of the paper. We consider auxiliary results in Section 12 the first 
steps of the proof of Theorem ll.lOl is done in Section |21 where we also prove Theorem 1 1 . 1 01 in the 
case when n € {1, 3, 5, 11, 14, 22, 28, 34, 37, 39, 52, 53,57 , 59, 60, 66, 70, 72, 73, 75, 78, 81, 84, 86, 87, 
88, 89, 90, 92, 93, 94, 95}. Then we prove Theorem 1171171 in all other cases. 

The author is very grateful to Max-Plank-Institute fur Mathematik at Bonn for the hospitality 
and excellent work conditions. The author would like to thank A. Corti, M. Grinenko, V. Iskov- 
skikh, Yu. Manin, J. Park, Yu. Prokhorov, A. Pukhlikov, V. Shokurov and D. Stepanov for useful 
conversations. 

3 




(i) 



2. Preliminaries. 



Let X be a threefold having terminal Q-factorial singularities, Ai be a linear system on 
the threefold such that Ai does not have fixed components, and A be an arbitrary non-negative 
rational number. In this section we consider technical results describing properties of the mobile 3 
log pair (X, XAi), which are used in the proof of Theorem II. 1UI As usual, the set of centers of 
canonical singularities of the mobile log pair (X,XAi) is denoted as CS(X, XAi). 

Lemma 2.1. Let p: X -~» P 2 be a rational map whose general fiber is birational to an elliptic 
curve, and it: V — > X be a resolution of the indeterminacies of p. Suppose that the Ai is a proper 
transform of the linear system \p o 7r*(Op2 (1))|, the divisor —Kx is nef and big, and the equiva- 
lence Kx + XAi ~q holds. Then the singularities of the log pair (X, XAi) are not terminal. 

Proof. See the proof of Theorem 1.4.4 in [2]. □ 

The following well-known result is proved in jSj. 

Theorem 2.2. Let O be a singular point of the threefold X of type -(1, a, r — a), where a and r 
are coprime natural numbers such that r > a, and multo(A4) be a rational number such that 

V~Qir*(M)- mult (M)G, 

where it: U — > X is a weighted blow up of O with weights (l,a,r — a), G is the exceptional 
divisor of it, T> is a proper transform of Ai on the variety U. Suppose that CB(X, XAi) contains 
either the point O, or a curve passing through the point O. Then multo(-M) ^ l/(rA). 

In the proof of Theorem 12.21 implies the following result. 

Lemma 2.3. Under the assumptions and notations of Theorem \2.1A suppose that the singular- 
ities of {X, XAi) are canonical and CS(X, XAi) = {O}, but CS(J7, XV) ^ 0. Then 

• the set CS(U, XT') does not contain smooth points of the surface G = P(l, a, r — a), 

• if the set CS(U, XV) contains a curve L, then L € |0p(i,a,r-a)(l)|; an d every singular 
point of the surface G is contained in the set CS(U, XV). 

Proof. We consider only the case when r = 5 and a = 2. Thus, we have G = P(l, 2, 3). 

Let P and Q be singular points of G, and L be the curve in |Op( li 2 , 3) (1) | - Then L passes 
through the points P and Q, but multo(Al) = 1/(5A) by Theorem l2.21 which implies V\q ~q AL. 

Suppose that the set C§(£7, XV) contains a subvariety Z of subvariety U that is different from 
the curve L and the points P and Q. Then Z C G. 

Suppose that Z is a point. Then the point Z is smooth on the variety U, which implies the 
inequality multz(f ) > 1/A. Let C be a general curve in the linear system |0p(i,2,3)(6)| that 
passes through the point Z. Then the curve C is not contained in the base locus of the linear 
system V. Hence, we have 1/A = C ■ V ^ mult^(C)mult^(P) > 1/A, which is a contradiction. 

Therefore, the subvariety Z is a curve. Then mult^D) ^ 1/A. Let C be a sufficiently general 
curve in the linear system |Op(i,2,3)(6)|- Then 

\ = C ■ V > mult z (D)C • Z > ^--A 
A A 

which implies that C ■ Z = 1. Hence, the curve Z is contained in \O-pn2, 3) (1)1- ^ 

Lemma 2.4. Let C be a curve on X such that C G CS(X, XAi). Suppose that the complete linear 
system \ — mKx\ is base-point-free for some natural number m > 0. Then —Kx ■ C sj —K x . 

Proof. Let M\ and M2 be general surfaces in Ai. Then the inequalities 

multc^Mi • M 2 ) ^ multc(Mi)mult c (M 2 ) > ^ 
hold. Let H be a general surface in | — mKx\- Then 

--3 



^pt = H-M 1 .M 2 >(-mKx-C)mult c (M 1 .M 2 ) > mK * ' C , 



which implies that — Kx ■ C ^ — K x . □ 

^Elementary properties of mobile log pairs can be found in 
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Lemma 2.5. Suppose that the linear system Ai is not composed from a pencil. Then there is no 
proper Zariski closed subset SCI such that 

Supp(Si) n Supp(5 2 ) CSCI, 

where Si and S2 are general divisors in the linear system Ai. 

Proof. Suppose that there is a proper Zariski closed subset Ed such that the set-theoretic 
intersection of the sufficiently general divisors S\ and S2 of the linear system Ai is contained in 
the set S. Let p: X ---> P n be a rational map induced by the linear system Ai, where n is the 
dimension of the linear system Ai. Then there is a commutative diagram 



where W is a smooth variety, a is a birational morphism, and (3 is a morphism. Let Y be the 
image of the morphism (3. Then dim(y) ^ 2, because Ai is not composed from a pencil. 
Let A be a Zariski closed subset of the variety W such that the morphism 

a\w\ A :W\A^ X\a(A) 

is an isomorphism, and A be a union of the subset A C W and the closure of the proper 
transform of the set £ \ a(A) on the variety W. Then A is a Zariski closed proper subset of W. 

Let B\ and B2 be general hyperplane sections of the variety Y, and D\ and D2 be proper 
transforms of the divisors B\ and B2 on the variety W respectively. Then a{D\) and a{D2) are 
general divisors of the linear system Ai. Hence, in the set-theoretic sense we have 

(2.6) + /T 1 (Supp(Bi) n Supp(B 2 )) = Supp(£>i) n Supp(£> 2 ) C A C W, 

because dim(y) ^ 2. However, the set-theoretic identity [2.61 is an absurd. □ 

The following result is implied by Lemma 0.3.3 in [0] and Lemma 12.51 

Corollary 2.7. Let X be a three-dimensional variety with canonical singularities, D be divisor 
on the variety X that is big and nef, Ai be a linear system on the variety X that does not 
have fixed components and is not composed from a pencil, and S\ and S2 be sufficiently general 
surfaces of the linear system T> . Then the inequality D ■ Si ■ S2 > holds. 

The proof of Lemma 12.51 implies the following result. 

Lemma 2.8. Let X be a variety, Ai be a linear system on the variety X that does not have 
fixed components and is not composed from a pencil, and D be a linear system on X that does 
not have fixed components. Then there is no Zariski closed subset SCI such that 

Supp(S) n Supp(£>) CSCI, 

where S and D are sufficiently general divisors of the linear system Ai and T> respectively. 

The claim of Lemma 12.51 and the proof of Lemma 12 .41 imply the following result. 

Corollary 2.9. Under the assumptions and notations of Lemma \2.J\ suppose that the linear 
system Ai is not composed from a pencil, and the divisor —Kx is big. Then —Kx ■ C < —K x . 

Many applications of Lemma 12.81 use the following simple result. 



Lemma 2.10. Let S be a surface, D be an effective divisor on S such that D = Yli=i a iCi, 
where ai € Q, and C\, . . . , C r are irreducible curves on S whose intersection form is negatively 
defined. Then D = Y2i=i a %Ci- 

Proof. Let D = c i^ii where Bi is an irreducible curve on S, and q is a nonnegative rational 
number. Suppose that 

k r 

^CiBi / y^ajCj, 

i=l i=l 
5 



and the curve Bi is not one of the curves among C\, . . . , C r for every i. We have 

k 

^ ( ^ a i°i) ■ ( a i°) = ( E °* B ) ■ ( aiC ) - ( QiCi ) • ( Y aiC > °' 
ai>0 ai>0 i=l aj>0 ai^O ai>0 

which gives Y^a>o c *-^« — Soj<o a «C«- Hence, we have Cj = and a, = for every i. □ 

3. Beginning of classification. 

Let us use the notations and assumptions of Section ^ In this section we begin to prove 
the claim of Theorem II. 1UI Suppose that there is a birational map p: X — » V and an elliptic 
fibration v. V — > P 2 such that V is smooth, and fibers of v are connected. We must show that 
there is a commutative diagram 

(3.1) X a ^X P --^V 

I 

£ 1 
Y 

P(l,ai,oO -P 2 , 

where is a birational map, a is a birational automorphism of X, and £ is one of the dominant 
rational maps constructed in Examples O O H3J O 03 O O and fQ] 
The commutative diagram 13. II implies the commutative diagram 

(3.2) X P 

I 

Y 

P(l,ai,a,)- -P 2 

in the case when £ ° o~ = x ° £, for every a £ Bir(X), where \ G Bir(P(l, a%, a«)). 

Example 3.3. Let ip: X —■* P(l, a±, 02) be a projection, and a be any birational automorphism 
of the threefold X. Suppose that n {1, 2, 3, 7, 11, 19, 20, 36, 60, 75, 84, 87, 93}. Then it follows 
from 6 that there is a birational automorphism x of P(l, 01, 02) such that ip o a = x ip- 

Let A4 be a proper transform of the linear system (Cp2 (1)) | on X. Then A4 ~q —kKx for 
some natural k, but the singularities of the log pair (X, \M) are not terminal by Lemma 12. II 

Remark 3.4. It follows from [Hj that there is a birational automorphism a € Bir(A") such that the 
singularities of the log pair (X, p0"(.M)) are canonical, where fc'eN such that A4 ~q —k'Kx- 

We may assume that the singularities of the log pair (X, \M) are canonical. 
Theorem 3.5. The set CS(X, \M-) does not contain smooth points of X ifn^l and 
Proof. The claim follows from the proof of Theorem 5.1.2 in jSJ. □ 

The following corollary is implied by Lemma 12.41 

Corollary 3.6. The set of centers of canonical singularities CS(X, tM) does not contain curves 
that do not contain singular points of the hypersurface X in the case when n ^ 6. 

The set CS(X, \M) contains a singular point of X in the case n ^ 6 by Theorem 12.21 

Proposition 3.7. Suppose that the set CS(X, tM) contains a singular point O of the hyper- 
surface X that is a singularity of type r — a, a), where a and r are coprime natural numbers 
and r > a. Let it: Y — > X be a weighted blow up of O with weights (1, a,r — a). Then —K Y ^ 0. 

Proof. Suppose that — K Y < 0. Let E be the 7r-exceptional divisor, and B be a proper transform 
of M on the variety Y. Then -K Y = -K x - l/(ro(r - a)), but B ~q -kK Y by Theorem [2~2l 



Let NE(Y) be a closure in K 2 of the cone generated by effective one-dimensional cycles of the 
variety Y. Then — E ■ E generates an extremal ray of NE(Y), but Corollary 5.4.6 in [H] implies 
that there are integers b > and c ^ such that the cycle 

-Ky ■ ( - bK Y + cE 



is numerically equivalent to an effective, irreducible and reduced curve T on the variety Y that 
generates the extremal ray of the cone NE(Y) different from the ray generated by — E ■ E. 

Let S\ and S2 be general surfaces in B. Then S± ■ S2 £ NE(Y), but Si ■ S2 = k 2 K Y , which 
implies that the cycle S\ ■ S2 generates an extremal ray of the cone NE(Y) that contains the 
curve r. Moreover, for every effective cycle C £ M + T we have 



Supp(C) = Supp^Si • S2J, 
because Si ■ T < and S2 • T < 0, which contradicts Lemma 12.51 □ 
The following result is implied by Proposition 13.71 

Proposition 3.8. The claim of Theorem XTUK holds for n £ {14, 22, 28, 34, 37, 39, 52, 53, 57, 59, 

66, 70, 72, 73, 78, 81, 86, 88, 89, 90, 92, 94, 95}. 

Proof. We must show the existence of the commutative diagram 

(3.9) X P 

1 

iji 1 
y 

P(l,aa,a 2 )-- -P 2 , 

where ip is the natural projection, and <j) is a birational map. 

It follows from Theorems 12.21 and 13.51 and Lemma 12.41 that CS(X,-rM) contains a singular 
point P £ X of type ^(1, a,r — a), where a and r are coprime natural numbers and r > a. 

Let 7r: Y — > X be a weighted blow up of P with weights (1, a, r — a), and B be the proper 
transform of the linear system Ai on variety Y. Then — K Y = by Proposition 13.71 

It is easy to see that the linear system | — rKy\ does not have base points for r S> and 
induces the morphism 77: Y — ► P(l, ai, 02) such that the diagram 



^P(l, 01,03) 

w 

is commutative. The equivalence B ~q —kKy holds by Theorem l2.21 which implies the existence 
of the commutative diagram 13.91 □ 

The following result implies Corollarv ll.121 

Lemma 3.10. The claim of Theorem XTUK holds for n {3, 60, 75, 84, 87, 93}. 

Proof. It follows from Proposition 13. 71 that n {75,84,87,93}. 

Suppose that n = 3. Then the hypersurface X is smooth, and the set CS(X, x-M) contains an 
irreducible curve V such that —Kx • T = 1 by Lemma 12.41 In particular, the curve V is smooth. 

Let 7 : X — » X be a blow up of T, G be the exceptional divisor of 7, and Si and S2 are proper 
transforms on X of general surfaces in Ai. Then the divisor 7*(— 3Kx) — G is nef and big, but 

{rfi-ZKx) - G) ■ Si ■ Si = 0, 

which contradicts Corollary 12.71 

We have n = 60. The threefold X is a hypersurface in P(l, 4, 5, 6, 9) of degree 24. 

It is easy to check that CS(X, \M) does not contain curves by Corollary 12.91 which implies 
that the set CS(X, xAd) consists of the singular point O of the hypersurface X that is a quotient 
singularity of type ^(1,4,5) by Proposition 13.71 Let -ir: Y — > X be a weighted blow up of the 



singular point O with weights (1, 4, 5), and I? be a proper transform of the linear system A4 on 
the threefold Y. Then V ~ Q -kK Y by Theorem O 

Let P and Q be the points of Y contained in the 7r-exceptional divisor that are singularities 
of types 1,3) and ±(1, 1,4) respectively. Then CS(Y, \V) C {P, Q} by Lemmas l2~31 and l2~il 

Suppose that the set CS(Y, ^T>) contains the point Q. Let a: U — > 1" be a weighted blow up 
of the point Q with weights (1, 1, 4), and B be a proper transform of the linear system A4 on the 
variety U. Then B ~q> —kKjj by Theorem 12 .21 the linear system | — 4Kjj\ is a proper transform 
of the pencil | — 4Kx \ , and the base locus of the pencil | — AKu | consists of an irreducible reduced 
curve Z on the variety U such that the curve ir o a(Z) is a base curve of the pencil | — 4i£x|- 

Let H be a general surface in | — AKu\. Then Z 2 = —1/30 on H, but B\h ~q kZ, which 
contradicts Lemmas l2~Hl and l2~TUl We see that CS(Y, \V) = {P} by Lemmas EH1 and l2~31 

Let (3: W — > Y be a weighted blow up of the point P with weights (1, 1,3), and D be the 
proper transform of the general surface in | — 5Kx\ on W. Then D is nef and big, but the 
equality D ■ Hi ■ H2 = holds, where Hi and H2 are general surfaces of the proper transform of 
the linear system A4 on the variety W, which contradicts Corollary 12.71 □ 

Now we prove the following very simple result. 

Proposition 3.11. Suppose that n = 11. Then the diaaram \3. OA exists, where £ is one of the five 
rational maps constructed in Example \l.l\ 

Proof. The threefold X is a hypersurface in P(l, 1,2,2, 5) of degree 10, whose singularities consist 
of points Pi, P2, P3, P4 and P5 that are singularities of types |(1, 1, 1). The diagram 

X ---P(l,l,2) 

commutes, where £j is a projection, 7Tj is the weighted blow up of P, with weights (1, 1, 1), and r\i is 

an elliptic fibration. It follows from Theorems 12 . 21 and 13. 51 and Lemma 12 . 41 that P, € CS(X, 

for some i G {1, 2, 3, 4, 5}. The diagram 13.21 exists for £ = £j by Theorem 12.21 □ 

The following result is due to |12j . 
Theorem 3.12. Suppose that CS(X, xM.) contains an irreducible curve C , and n ^ 3. Then 

Supp(C) C Supp^Si • S^, 
where Si and S2 are different surfaces of the linear system \ — Kx \ ■ 

Let us prove the following result of Daniel Ryder. 
Proposition 3.13. The claim of Theorem M.llA holds for n = 5. 

Proof. Let n = 5. Then X is a hypersurface in P(l,l,l,2,3) of degree 7, whose singularities 
consist of the points P and Q such that P is a singular point of type |(1, 1, 1), and Q is a singular 
point of type ^(1, 1, 2). The hypersurface X can be given by the equation 

w 2 fi{x, y, z) + / 4 (x, y, z, t)w + f 7 (x, y, z, t) = C P(l, 1, 1, 2, 3) = Proj \C[x, y, z, t, w]\ , 

where wt(x) = wt(y) = wt(z) = 1, wt(t) = 2, wt(w) = 3, and fi is a quasihomogeneous polyno- 
mial of degree i. There is a commutative diagram 




P(l,l,l,2) - - -p2, 
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where x an d £ are the natural projections, the morphism u> is an elliptic fibration, the morphism 
a is a weighted blow up of the point Q with weights (1, 1, 2), the morphism 7 is the birational 
morphism that contracts 14 smooth irreducible rational curves C\, . . . , C14 into 14 isolated or- 
dinary double points Pi, ... , -Pi 4 of the variety Y respectively, the morphism 77 is a double cover 
branched over the surface R C P(l, 1, 1, 2) that is given by the equation 

f A (x, y, z, tf - 4/x(x, y, z)f 7 (x, y, z,t) = C P(l, 1, 1, 2) Proj (c[x, y, z, t] 

and has 14 isolated ordinary double points rj(Pi), . . . ,77(^14), and (3 is the composition of the 
weighted blow ups with the weights (1,1,1) of two singular points of the variety W that are 
singularities of types ^(1, 1, 1). It follows from Theorem 13. 121 that the set CS(X, \M) does not 
contain curves (see the proof of Lemma I8.3|) . 

Suppose that the set CS(X, \M) consists of the point Q. Let O be the singular point of the 
threefold W that dominates the singular point Q, and T> be the proper transform of the linear 
system M on the threefold W. Then O £ CS(W, \V) by TheoremEland Lemmas O and E3 

Let B be the proper transform of T> on Y . Then it follows from Theorem 12 . 21 and Lemmas 12.31 
and 12.41 that C8(Y, \B) contains a curve C such that — Ky ■ C = 1/2, and \ v(C) i s a point. 

There is an irreducible curve Z on the variety Y such that the curve Z is different from the 
curve C, but rj(Z) = 77(C). Let S be a general surface of the linear system | — Ky \ that contains 
the curve C. Then Z 2 < on S, but B\s ~q kC + kZ, which contradicts to Lemma 12.81 

It follows from Theorem 12.21 and Lemmas 12.31 and 12.41 that 

€S(X, ±M) ={P,Q}, 

but O € CS{W, \V) by Corollary 1231 and Lemmas l2~T1 and IP Hence, the proper transform of 
the linear system A4 on the variety U is contained in the fibers of uj by Theorem 12.21 □ 

The claim of Theorem 13. 121 implies the following result. 

Lemma 3.14. Suppose that 0,2 7^ 1. Then the set C8{X, r-M) does not contains curves. 

Proof. Suppose that CS(X, \M) contains a curve C. Then the claim of Theorem 13.121 implies 
that there are surfaces S\ and S2 of the pencil | — Kx \ such that the curve C is an irreducible 
component of the irreducible and reduced curve Si R S2 , which contradicts Lemma 12.41 □ 

Let us illustrate Lemma 13.141 by proving the following result. 

Proposition 3.15. The claim of Theorem 1 1.1 (A holds for n = 18. 

Proof. Let n = 18. Then X is a hypersurface in P(l,2, 2,3, 5) of degree 12, whose singularities 
consist of the points 0\, O2, O3, O4, O5 and Oq that are quotient singularities of type |(1, 1, 1), 
and the point P that is a quotient singularity of type g (1, 2, 3). There is a commutative diagram 

& 

W 

v 

X --P(l,2,2), 

w 

where ip is a projection, a is the weighted blow up of P with weights (1, 2, 3), (3 is the weighted 
blow up with weights (1, 1, 2) of the singular point of the variety U that is a quotient singularity 
of type |(1, 1, 2), and r\ is an elliptic fibration. 

It follows from Theorem 13 .5( Lemma 13. 141 and Proposition 13.71 that CS(X, \M) = {P}- 
Let T> be the proper transform of Ai on the variety U, and Q and O be the singular points 
of the variety U contained in the exceptional divisor of the birational morphism a that are 
singularities of types 1, 2) and |(1, 1, 1) respectively. Then V ~q —kKjj and 

^ Cs(l7,-D) C {Q,0} 
by Theorem O and Lemma O O and E3J 



0, 



Suppose that the set CE>(U, ^V) contains the point O. Let tt: Y — > U be the weighted blow 
up of O with weights (1,1,1), F be the 7r-exceptional divisor, and TL and V be the proper 
transforms of Ai and | — 3K\j\ on Y respectively. Then 7i —kKy by Theorem 12.21 but 

tt*{-3Ku)-~F, 

and the base locus of the linear system V consists of the irreducible curve Z such that oio'k(Z) 
is the base curve of the linear system | — 3Kx\- Moreover, for a general surface S of the linear 
system V, the inequality S ■ Z > holds, which implies that the divisor vr*(— 6Kjj) — F is nef 
and big. On the other hand, for general surfaces D\ and D 2 of the linear system 7i, we have 

(tt*( - 6K V ) -F^-D x -D 2 = (tt*(- 6K V ) - F^j ■ kK v ) - ^f)' 

which contradicts Corollary 12.71 

Therefore, the set C§(£7, ^T>) contains the point Q. Let B be the proper transform of the 
linear system Ai on the variety W. Then the equivalence B ~q — kKy/ holds by Theorem 12.21 
which easily implies that the claim of Theorem 11.101 holds for the hypersurface X. □ 

We conclude this section by proving the following result, which is proved in and |2j. 

Theorem 3.16. The claim of Theorem 1 1.1 (A holds for n = 1. 

Proof. Let X be a general hypersurface in P 4 of degree 4. Then we must show that there is a 
line L C X such that there is a commutative diagram 

(3.17) X P --^V 

I 

i> i 
v 

F 2 a ~ ~ ^P 2 , 

where ip is the projection from the L, and a is a birational map. 

Suppose that CS(X, \M) contains a point P of the quartic X. Let H be a general hyperplane 
section of X passing through the point P. Then it follows from Lemma 1.10 in that 

4k 2 ^ multp(z)i ■ D 2 ) ^Dx-D 2 -H = 4k 2 , 



where D\ and D 2 are general surfaces of the linear system Ai. Therefore, the support of the 
effective one-dimensional cycle D\ ■ D 2 is contained in the union of a finite number of lines on 
the quartic X that pass through the point P, which contradicts Lemma 12.51 

Therefore, the set CS(X, \M) contains a curve C. Thus, the inequality mvltc{M) ^ k holds, 
but it follows from Lemma l2~H that deg(C) ^ 3. 

Suppose that C is not contained in any plane in P . Then the curve C is either a smooth 
curve of degree 3 or 4, or a rational curve of degree 4 having one double point. 

Suppose that C is smooth. Let a: U — > X be the blow up of the curve C, F be the the 
exceptional divisor of a, and T> be the proper transform of Ai on the variety U. Then the base 
locus of the linear system \a* (-deg(C)Kx) — F\ does not contain curves, but 



(a*( - deg(C)K x ) -F) • D x ■ D 2 < 0, 



where D\ and D 2 are general surfaces of the linear system T>, which is a contradiction. 

Thus, the curve C is a quartic curve with a double point P. Let (3 : W — > X be a composition 
of the blow up of P with the blow up of he proper transform of C. Let G and E be the 
exceptional divisors of (3 such that (3(E) = C and (3(G) = P. Then the base locus of the linear 
system \(3*(—4Kx) — E — 2G\ does not contain curves, but 

13* ( - 4K X ) - E - 2G) ■ Dx ■ D 2 < 

where D\ and D 2 are general surfaces of the linear system P, which is a contradiction. 
Hence, we see that the curve C is contained in a plane in P . 
Suppose that deg(C) ^ 1. Then we have the following possibilities: 
• the curve C is a smooth conic; 
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• the curve C is a smooth plane cubic; 

• the curve C is a singular plane cubic. 

Suppose that C is smooth. Let a: U — > X be a blow up of the curve C, F be the exceptional 
divisor of the morphism a, and T> be the proper transform of M on the variety U. Then one 
can easily check that the base locus of the linear system \a*(—deg(C)K~x) — F\ does not contain 
curves. Therefore, the divisor a*(— deg(C)Kx) — F is nef and big, but 

(a* ( - deg(C)K x ) - Fj ■ D x ■ D 2 = 0, 

where D\ and D 2 are general surfaces of T>, which contradicts Corollary 12.71 

Hence, the curve C is a plane cubic with a double point P. Let (3: W — > X be a composition 
of the blow up of P with the blow up of the proper transform of C. Let G and E be the 
exceptional divisors of the morphism (3 such that /3(E) = C and (3(G) = P. Then the base 
locus of the linear system \(3*(—2>Kx) — E — 2G\ does not contain curves, which implies that the 
divisor [3*(— 3K~x) — E — 2G is nef and big. On the other hand, the inequality 

(/?* ( - 3K X ) -e-2gYd 1 -d 2 ^o 

holds, where D\ and D 2 are general surfaces of T>, which is impossible by Corollary 12.71 

Thus, we see that the curve C is a line. The equality multc(-D) = k implies the existence of 
the commutative diagram IH. 171 where L = C. □ 

4. Case n = 2, hypersurface of degree 5 in P(l, 1, 1, 1, 2). 

We use the notations and assumptions of Sectional Let n = 2. Then X is a sufficiently general 
hypersurface in P(l, 1, 1, 1, 2) of degree 5, the equality — K x = 5/2 holds, and the singularities 
of the hypersurface X consist of a point O that is a quotient singularity of type 1, 1). 

The hypersurface X can be given by the equation 

w 2 h(x, y, z, t) + f 3 (x, y, z, t)w + f 5 (x, y, z, t) = C P(l, 1, 1, 1, 2) ^ Proj (c[x, y, z, t, wfj , 

where wt(x) = wt(y) = wt(z) = wt(t) = 1 and wt(w) = 2, fi(x,y,z,t) is a homogeneous 
polynomial of degree i, and the point O is given by the equations x = y = z = t = 0. 
Let ip: X --■ *• P 3 be the natural projection. Then there is a commutative diagram 




where tt is the weighted blow up of the point O with weights (1, 1, 1), the morphism 7 is the 
birational morphism that contracts 15 smooth rational curves C%, . . . , C15 to 15 isolated ordinary 
double points Pi,... ,-Pi5 of the variety Z respectively, r\ is a double cover branched over the 
surface R C P 3 of degree 6 that is given by the equation 

f 3 (x, y, z, t) 2 - Afi(x, y, z, t)f 5 (x, y, z, t) = C P 3 Proj (c[x, y, z, t]) 

and has 15 isolated ordinary double points . . . , rj(Pi^), a% is a blow up of Q, f3i is a blow 

up of the point P{, Wi is a birational morphism, \i is a projection from rj(Pi), and & is an elliptic 
fibration. Moreover, the points rj(Pi), ■ ■ ■ ,rj(P\^) are given by the equations ^3 = /1 = /s = 0. 

Remark 4.1. It follows from 6_ that a general fiber of Xi V* ^ s Bir(X)-invariant. 

In the rest of the section we prove the following result. 
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Proposition 4.2. There is a commutative diagram 
(4.3) Ui P - - - V 



for some i € {1, . . . , 15}, where <p is a birational map. 

Let B{ be the proper transform of the linear system M. on the variety W{. Then in order 
to prove the existence of the commutative diagram 14.31 it is enough to show that Hj lies in the 
fibers of the elliptic fibration ^ou„ which is implied by the equivalence Bi ~q — kKw t . 

Lemma 4.4. Suppose that CS(X, r M) contains a smooth point of X. Then the commutative 
diagram \4-3\ exists for some i € {1, . . . , 15}. 



Proof. Suppose that CS(X, ^M) contains a smooth point P of X. Let S be a sufficiently general 
surface in | — Kx\ that passes through P. In the case when P uJ£ 1 7r(Ci), the surface S does 
not contain irreducible components of the effective cycle D\ ■ D 2 , where D\ and D 2 are general 
surfaces of the linear system A4. Therefore, in the latter case we have 

multpf-Di -D 2 ) ^D 1 -D 2 -S = -k 2 K x = ^-k 2 , 



which contradicts Lemma 1.10 in Thus, the point P is contained in 7r(Cj) for some i. 

We use arguments of (> . Put C = 7r(C») and Ai\s = C + multc(A / ()C, where C is a linear 
system on the surface S without fixed components. Then the log pair 

, + multc Mc 

is not log terminal in P by Theorem 7.5 in jlOj . Therefore, we have 

mult P (Li • L 2 ) > 4^1 - mnlt c( M ) ^ k 2 

by Theorem 3.1 in pj, where Li and L 2 are general curves in C. On the other hand, the equality 

5 3 
Li ■ L 2 = -k 2 - um\t c {M)k- -multc? (At) 

holds on the surface S, because C 2 = —3/2. Hence, we have 

\k 2 - mult c {M)k - inult^X) > 4(1 - ^i^ jfc 2 , 

which implies mult(7(A4) = /c. Thus, the curve vr(Cj) is contained in CS(X, and the 

equivalence Bi ~q —kKw- follows from Theorem 12.21 which concludes the proof. □ 

We may assume that CS(X, \M) does not contain smooth points of X. 

Lemma 4.5. Let C be a curve on X such that C n Sing(X) = 0. Then C CS(X, \M). 

Proof. Suppose that the set CS(X, \M) contains the curve C. Then multc(.M) = k. Let H be 
a very ample divisor on X. Then H ~q — XKx holds for a natural number A. Thus, we have 

5A&- 2 

-y- = -\k 2 K\ = H ■ Si ■ S 2 > mu\t 2 c (M)H • C > -\k 2 K x ■ C, 

where S\ and S 2 are general surfaces in A4. Therefore, we have the following possibilities: 

• the equality —Kx ■ C = 1 holds, and the curve C is smooth and rational; 

• the equality —Kx • C = 2 holds, and the curve C is smooth and rational; 

• the equality —Kx ■ C = 2 holds, and the arithmetic genus of the curve C is 1. 
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Let a: X — > X be the blow up of the ideal sheaf of the curve C, and G be the exceptional 
divisor of the birational morphism a. Then the variety X is smooth in the neighborhood of 
the divisor G whenever the curve C is smooth. Moreover, in the case when the curve C has an 
ordinary double point the singularities of X in the neighborhood of the divisor G consist of a 
single isolated ordinary double point. In the case when the curve C has a cuspidal singularity 
the singularities of the variety X in the neighborhood of G consist of an isolated double point 
such that X in the neighborhood of this point is locally isomorphic to the hypersurface 

x\ + x\ + x\ + x\ = C C = Spec^C[xo, x±, X2, x^jj . 

Let Si and §2 be the proper transforms of the surfaces S± and 52 on the variety X respectively. 

Suppose that — Kx • C = 1. Then the curve C is cut in the set-theoretic sense by the surfaces 
of the linear system | — 2Kx | that pass through C. Moreover, the scheme-theoretic intersection 
of two general surfaces of the linear system | — 2Kx | passing through C is reduced in a general 
point of C. Thus, the divisor a*(—2Kx) — G is nef and big (see Lemma 5.2.5 in [5]), but 

which is impossible by Corollary 12.71 

Suppose that —Kx-C = 2, and C is smooth and rational. Then <r*(— 2Kx) — G is nef, because 
the curve C is cut in the set-theoretic sense by the surfaces of the linear system | — 2Kx | that 
pass through the curve C, but the scheme-theoretic intersection of two general surfaces of the 
linear system | — 2Kx | passing throughC is reduced in a general point of C. We have 

> -3k 2 = (a*(-2K x ) - G) ■ $1 ■ S 2 > 0. 

Hence, the arithmetic genus of the curve C is 1 and —Kx-C = 2. The curve C is a set-theoretic 
intersection of the surfaces in | — AKx\ that pass through C. Moreover, the scheme-theoretic 
intersection of two general surfaces of the linear system | — 4:Kx | passing through C is reduced 
in a general point C. Hence, the divisor a*(—4Kx) — G is nef and big, but 

which contradicts Corollary 12.71 □ 

It follows from Theorem O that O G CS(X, \M). Let V be the proper transform of M. on 
the variety Y . Then Theorem implies that T> ~q —kKy. Thus, the commutative diagram !4.3l 
exists in the case when d G CS(Y, \V). Therefore, we may assume that 

cs(y,ip) n{d,...,c 15 } = 0. 

Lemma 4.6. The set CS(Y, \T>) does not contain smooth points of the variety Y . 

Proof. The set CS(X, \M) does not contain smooth points of X. Therefore, to conclude the 
proof it is enough to show that the set CS(Y, if) does not contain points of the exceptional 
divisor of the morphism tt, which is implied by Lemma 12.31 □ 

Put 7i = j(T>). Then Ti ~q —kKz, the singularities of the log pair (Z, ^TC) are canonical, 
and the claim of Lemma l2~T1 implies that the set CS(Z, ^H) is not empty. 

Lemma 4.7. The set C§>(Z, \T~L) does not contain points of the variety Z . 

Proof. It follows from Lemma 14.61 that smooth points of the variety Z are not contained in the 
set CS(Z, The condition Pi G CS(Z, \7i) implies that the set CS(Y, \V) contains either 

the curve Cj, or a point on the curve Cj, which is impossible. □ 

Thus, there is a curve r on Z that is contained in the set CS(Z, ^Ti), and multr(7^) = k. 

Lemma 4.8. The equality —Kz • T = 1 holds. 
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Proof. Let H be a general divisor of the linear system | — Kz \ ■ Then 

2k 2 = H ■ L>i • D 2 ^ mult r (£>i ■ D^jH -V ^ -k 2 K z ■ T, 

where D\ and D 2 are sufficiently general surfaces of the linear system TL. Therefore, the in- 
equality — Kz ■ r ^ 2 holds. Moreover, the equality — Kz • T = 2 implies that the support of the 
effective cycle D\ ■ D 2 coincides with the curve T, which contradicts Lemma 12.51 □ 

The curve rj(F) is a line in P 3 , and r/\r '■ T — > rj(T) is an isomorphism. However, the arguments 
used in the proof of Lemma [Ql easily imply that CS(Z, ^TL) = {T} and multr(-Di • D 2 ) < 2k 2 , 
where D\ and D 2 are general surfaces in TL. 

Lemma 4.9. The line r](T) is contained in the ramification surface R of the double cover ij. 

Proof. Suppose that the line w(T) is not contained in the surface R. Let S be a general surface 
of the linear system | — Kz\ that passes through the curve T. Then 

H\ S = mult r (W)r + mult n (W)n + C, 

where £ is a linear system on the surface S that does not have fixed components, and O is a 
smooth rational curve on the variety Z such that r/(f2) = r](T), but fl ^ T. We have 

Sing(Z)nr={P il) ...,P ir } C {Pi,...,Pi 5 } = Sing(Z), 

but Pj is an ordinary double point of the surface S. The equalities r 2 = Q 2 = — 2 + r/2 hold 
on the surface S, but r ^ 3. Hence, the inequality Q 2 < holds on the surface S, and 

- multn(H))^ 2 = (multr(W) - k^JT ■ Q + L ■ Q = L ■ n ^ 0, 

where L is a general curve in the linear system C. Therefore, the inequality multn(W) ^ k holds, 
which implies that O € CS(Z, \TL), which is impossible. □ 

Let H be a general hyperplane in P 3 passing through the line n(T). Then the curve 

A = H n R = rj(T) U T 

is reduced and rj(T) <£_ Supp(T), where T is a plane curve of degree 5. Moreover, the reducible 
curve A is singular in every singular point r\{Pi) of the surface R that lies on the line w(T), but 
the set r/(r) n T contains at most 5 points. On the other hand, we have 

Sing(A) n rj(T) = Tnn{T), 

which implies that |Sing(Z) n T| ^5. Moreover, the surface R is given by the equation 

f 3 (x,y,z,t) 2 =4f 1 (x,y,z,t)fc(x,y,z,t) C P 3 Proj (c[x, y, Z, t]) , 

and singular points of R are given by the equations fi = = f$ = 0. We may assume that the 
equations f\ = = and /i = /s = defines irreducible curves in P 3 , which implies that at 
most 3 points of the subset Sing(P) C P 3 can lie on a single line. Therefore, the Bertini theorem 
implies that T](T) n T contains different points 0\ and 2 that are not contained in Sing(P). 

Remark 4.10. The hyperplane H tangents the surface R in the points 0\ and 2 . 

Let Lj be a general line on the plane H that passes through the point Oj, Oj be a proper 
transform of the point Oj on the variety Z, and Lj be the proper transform of the line Lj on 
the variety Z. Then Lj tangents the surface R in the point Oj, and the curve Lj is irreducible 
and singular in the point Oj, but — Kz ■ Lj = 2. Let H be the proper transform of H on the 
variety Z, and D be a general surface of the linear system TL. Then 

D\ 6 = mult r (W)r + ^, 
where ^ is an effective divisor on H such that T <£. Supp^). Let Aj = (D\T) n Lj. Then 
2k = D-Lj ^ mult 6 .(£j)multr(-D)+ V] mult P (L»)-multp(L J ) ^ 2/c+ ^ multp(D)-mult P (Z i ), 
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which implies that D n Lj C T. On the other hand, when we vary the lines L\ and L2 on the 
plane H the curves L\ and L2 span two different pencils on the surface H, whose base locus 
consist of the points 0\ and 0\ respectively. Hence, we have 

Supp(£>) n Supp(P) = Supp(r), 

where H is a general divisor in | — Kz\ that passes through the curve T, and D is a general 
divisor in Ti., which contradicts Lemma 12.81 The claim of Proposition 14.21 is proved 4 . 

5. Case n = 4, hypersurface of degree 6 in P(l, 1, 1, 2, 2). 

We use the notations and assumptions of Section|3J Let n = 4. Then X is a sufficiently general 
hypersurface in P(l, 1, 1, 2, 2) of degree 6, the equality — K x = 3/2 holds, and the singularities of 
the hypersurface X consist of points Pi, P2, P3 that are quotient singularities of types 1, 1). 

Let ip: X — » P 2 be the natural projection. Then a general fiber of the rational map ip is an 
elliptic curve, and the composition ip o 77 is a morphism, where 77 : Y — > X is a composition of 
the weighted blow ups of the singular points Pi, P2 and P3 with weights (1, 1, 1). 

Proposition 5.1. The claim of Theorem 1 1.1 (A holds for n = 4. 

Let us prove Proposition 15.11 We must show the existence of the commutative diagram 

(5.2) X P - - - V 

ip 1 
y 

P2 - ^P 2 , 

<t> 

where <p E Bir(P 2 ). Let Z be an element of CS(X, %-M). We have the following possibilities: 

• the subvariety Z is a curve that is contained in X \ Sing(X); 

• the subvariety Z is a curve that contains a singular point of the hypersurface X; 

• the subvariety Z is a singular point of the hypersurface X. 

Suppose that Z is an irreducible curve such that Z does not contain singular points of the 
hypersurface X. Then the equality —Kx • Z = 1 holds by Lemma 12.41 which implies that the 
curve Z is smooth. Let 7 : W — ► X be the blow up of the curve Z, and G be the exceptional 
divisor of the morphism 7. Then the divisor 7*(— ^Kx) — G is nef, which implies that 



{•y*{-AKx)-G)-Sx-S 2 >Q 1 



where S\ and S2 are proper transforms on the variety W of sufficiently general surfaces of the 
linear system M. We have ^ — G) ■ Si ■ §2 = —k 2 , which is a contradiction. 

Suppose that Z is an irreducible curve that passes through some singular point of the hyper- 
surface X. Then the inequality —Kx • Z ^ 1 holds by Lemma 12.41 The curve C is contracted 
by the rational map ip to a point, and either — Kx ■ Z = 1/2, or —Kx ■ Z = 1. 

Let F be a sufficiently general surface of the linear system | — Kx\ that passes through the 
curve Z. Then the surface F is smooth outside the points Pi, P2 and P3, which are isolated 
ordinary double points of F. Let Z be a fiber of ip over the point ip(Z). Then the generality of 
the hypersurface X implies that the curve Z is an irreducible component of Z. 

Suppose that Z consists of irreducible curves Z and Z. Then the inequality Z 2 < holds on 
the surface P, but M\f ~q kZ + kZ. On the other hand, we have 

M\ F = mvlt z {M)Z + mu\tz(,M)Z + F, 
where J- is a linear system on the surface F that does not have fixed components, but 

\ - mult z{M)\z T, 
which implies that mult^(A / () = k and Supp(5i • S2) C Z U Z, which contradicts Lemma l2 .5! 



4 It is easy to see that the given proof implies the claim of Proposition I4.2I under the weaker assumption that 
the hypersurface X is quasismooth, and the projection ip: X — » P 3 contracts 15 different curves. 
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Suppose that the fiber Z consists of irreducible curves Z, Z and Z. Then 

-K X ■ Z = -K X ■ Z = -K X -Z = \i 

but the intersection form of the curves Z and Z on the surface F is negatively defined, which 
implies that the support of S\ -S 2 is contained in ZUZUZ, where Si and 52 are general surfaces 
of the linear system A4, which is impossible by Lemma l'2. 51 
Hence, we have CS(X, \M) C {P 1 ,P 2 ,P 3 }. 

Let 7r : U — > X be a composition of the weighted blow ups with weights (1,1,1) of the singular 
points of the hypersurface X that are contained in the set CS(X, pM), and V be the proper 
transform of the linear system A4 on the variety U. Then it follows from Theorem 12,21 that the 
equivalence V ~q —kKjj holds, but the divisor —Kjj is nef. 

Suppose that CS(U, -rV) contains a subvariety A C U. Then A is contained in some excep- 
tional divisor of tt. Let G be an exceptional divisor of n that contains A. Then A is a line 
on the surface G = P 2 by Lemma l2.HI The linear system |vr*(— 2Kx) — G\ does not have base 
points, and the divisor vr*(— 2Kx) — G is nef and big. It follows from Lemma 0.3.3 in [S] that 
there is a proper Zariski closed subset A C U such that A contains all curves on U having trivial 
intersections with the divisor vr*(— 2Kx) — G. We have 

2k 2 = (vr*( - 2K X ) -G) ■S 1 -S 2 > mu\t 2 A (V) - 2K X ) - G\ ■ A = 2k 2 , 

where S\ and S 2 are the proper transforms of Si and S 2 on U respectively. Thus, the support 
of the effective cycle S\ ■ S2 is contained in A U A, which is impossible by Lemma 12.51 

Hence, the set CE>(U, %T>) is empty, and — Ky = by Lemma 12. 11 Then ir = 77, which implies 
that T> lies in the fibers of ip o ir. Therefore, the commutative diagram 15.21 exists. 

6. Case n = 6, hypersurface of degree 8 in P(l, 1,1,2,4). 

We use the notations and assumptions of Section|3J Let n = 6. Then X is a sufficiently general 
hypersurface in P(l, 1, 1, 2, 4) of degree 8, the equality — K\ = 1 holds, and the singularities of 
the hypersurface X consists of points Pi and P2 that are singularities of type |(1, 1, 1). 

There is a commutative diagram 

(6.1) U 



X ;--^P 2 , 

where tp is the natural projection, tt is a composition of the weighted blow ups of the singular 
points Pi and P2 with weights (1, 1, 1), and rj is an elliptic fibration. 

Proposition 6.2. The claim of Theorem M.llA holds for n = 6. 

Let us prove Proposition 16.21 It follows from Theorem 13.51 that the set CS(X, \M) does not 
contain smooth points of the hypersurface X. Therefore, the set CS(X, \M) contains a singular 
point of the hypersurface X by Corollary 13.61 and Theorem 12.21 

Remark 6.3. Suppose that the set CS(X, \M) contains both points Pi and P2. Then it easily 
follows from Theorem 12.21 that the claim of the Theorem II . 101 holds for the hypersurface X. 

We may assume that P 1 £ CS(X, \M) and P 2 CS(X, \M). 

Lemma 6.4. The set CS(X, \M) does not contain curves. 

Proof. Suppose that CS(X, \M) contains a curve C. Then —Kx ■ C = 1/2 by Lemma 12.41 
Let C be the proper transform of the curve C on the variety U. Then — Kjj ■ C = 0, which 

implies that the curve C is a component of a fiber of r\. Therefore, the curve C is contracted by 

the rational map \ X — » P 2 to a point. In particular, the curve C is smooth and rational. 
Let S be a general surface of the linear system | — Kx \ that contains the curve C. Then the 

surface S is smooth outside the points Pi and P2, which are isolated ordinary double points on 
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the surface S. Let F be a fiber of the rational map ifj over the point i^{C). Then F consists of 
two irreducible components such that the curve C is one of them. Let Z be the component of 
the curve F that is different from the curve C. Then Z 2 < on the surface S, but 

M\ s = mxL\t c {M)C + m\i\t z {M)Z + C, 

where £ is a linear system having no fixed components. We have (k — multz(M))Z ~q C, which 
implies that mult^-M) = k. The latter is impossible by Lemmas 12.81 and 12.101 □ 

Thus, the set CS(X, \M) consists of the point Pi. Let Q: Y — > X be the weighted blow up 
of the point Pi with weights (1, 1, 1), and T> be the proper transform of the linear system M on 
the variety Y. Then V ~ Q -kK Y by Theorem E3 and CS(Y, \V) / by Lemma O 

Let T be a subvariety of Y that is contained in CS(Y, \F>). Then C(T) € CS(X, tM), which 
is impossible by Lemmas 12.31 and 12.41 

7. Case n = 7, hypersurface of degree 8 in P(l, 1,2,2,3). 

We use the notations and assumptions of Section|3J Let n = 7. Then X is a sufficiently general 
hypersurface in P(l,l,2,2,3) of degree 8, whose singularities consist of the point Q that is 
a quotient singularity of type ^ (1,1,2), and the points Pi, P2, P3 and P4 that are quotient 
singularities of type ^(1, 1, 1). There is a commutative diagram 




x -P(l,l,2), 

where ^ is a projection, on is the weighted blow up of Pj with weights (1, 1, 1), is the weighted 
blow up of the proper transform of Q on the variety U{ with weights (1, 1, 2), and rji is an elliptic 
fibration. There is a commutative diagram 




X -P(l,l,2), 

so 

where ^0 is a projection, ao is the weighted blow up of Q with weights (1, 1, 2), (3q is the blow up 
with weights (1, 1, 1) of the singular point of Uq that dominates Q, and 770 is an elliptic fibration. 

Proposition 7.1. There is a commutative diagram 

(7.2) X a >X P --^V 

1 

y 

P(l,l,2) > P 2 

/or some % E {0, 1,2,3,4}, where a and <j) are birational maps. 

Let us prove Proposition 17.11 The set CS(X, \M) does not contains smooth points of the 
hypersurface X, and it follows from Lemma 13 . 141 that CS(X, \M) Q {Pi, P2, P3, P4, Q}. 

Lemma 7.3. The set CS(X, \M) does not contain two points of the set {Pi, P2, P3, P4}. 

Proof. Suppose that the set CS(X, \M) contains the points Pi and P%. Let ir: W —> X be the 
composition of the weighted blow ups of Pi and P2 with weights (1, 1, 1), and B be the proper 
transform of the linear system A4 on the variety W. Then B ~q — kKyy by Theorem 12.21 but 
the base locus of | — K\y\ consists of a curve C such that C 2 = —1/3 on general surface of the 
pencil I — Kw \ , which contradicts Lemma 12.81 □ 

Let T>i be the proper transform of the linear system A4 on the variety Ui. 
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Remark 7.4. The set CS(£/o, is not empty by Lemma l2~Tl if the set CS(X, \M) contains 
the point Q. Similarly, the set CS(Ui, \T>i) is not empty, if CS(X, \M) contains the point P{. 

Lemma 7.5. The set CS(X, tM) does not consists of the point Pi. 

Proof. Suppose that CS(X, \M) = {Pi}- Then the set CS(Z7j, \P>i) contains an irreducible 
subvariety Z C Ui by Lemma 12.11 Let Ei be the exceptional divisor of Oj. Then Z is a line on 
the surface E$ = P 2 by Lemma 12.31 which contradicts Lemma 12.41 □ 

Therefore, the condition P G CSpf, implies that C§(X, ±.M) = {P,Q}, which easily 
implies that the proper transform of the linear system M on the variety Yi lies in the fibers of 
the elliptic fibration r\i. The latter implies the existence of the commutative diagram 17. 21 

We may assume that the set CS(X, \M) consists of the point Q. 

Let O be a singular point of the variety Uo that is contained in the exceptional divisor of the 
morphism a^. Then O is contained in CS(C/o, by Lemma 12.31 which implies the existence 
of the commutative diagram 17.21 by Theorem 12.21 The claim of Proposition 17 . 1 1 is proved. 

8. Case n = 8, hypersurface of degree 9 in P(l, 1, 1,3,4). 

We use the notations and assumptions of Section|3J Let n = 8. Then X is a sufficiently general 
hypersurface in P(l, 1, 1, 3, 4) of degree 9, the equality — K\ = 3/4 holds, and the singularities of 
the hypersurface X consist of the singular point O that is a quotient singularity of type 4(1, 1, 3). 

Proposition 8.1. The claim of Theorem \1.11A holds for n = 8. 

Let us prove Proposition 18.11 The hypersurface X can be given by the equation 

w 2 z + f 5 (x, y, z, t)w + f 9 (x, y, z, t) = C P(l, 1, 1, 3, 5) = Proj (c[x, y, z, t, w}^j , 

where wt(x) = wt(y) = wt(z) = 1, wt(t) = 3, wt(w) = 4, and fi is a quasihomogeneous polyno- 
mial of degree i. The point O is given bjx = y = z = t = 0. There is a commutative diagram 




where rational maps £, ip and x are t ne natural projections, a is the weighted blow up of the 
singular point O with weights (1,1,3), (3 is the weighted blow up with weights (1,1,2) of the 
singular point of the variety W that is a quotient singularity of type |(1, 1, 2), 7 is the weighted 
blow up with weights (1,1,1) of the singular point of the variety U that is a quotient singularity 
of type |(1, 1,1), r/ is an elliptic fibration, a is a birational morphism that contracts 15 smooth 
rational curves to 15 isolated ordinary double points Pi, ... , P15 of Y respectively, a; is a double 
cover branched over the surface R C P(l, 1, 1, 3) that is given by the equation 

f 5 (x, y, z, tf - 4zf 9 {x, y, z, t) = C P(l, 1, 1,3) ^ Proj (<C[x, y, z, t]) 

and has 15 isolated ordinary double points w(Pi), . . . ,a;(Pi5) given by z = f§ = /g = 0. 

Let G be the exceptional divisor of the morphism a, F be the exceptional divisor of the 
morphism (3, P be the singular point of W, Q be the singular point of U, T> be the proper 
transform of M. on W, Ti be the proper transform of A4 on the variety U, V be the proper 
transform of M on the variety Z, and B be the proper transform of A4 on the variety Y. 

Remark 8.2. The divisors — Kw and —K\j are nef and big, and lu o o~{G) is given by z = 0. 

Lemma 8.3. The set CS(X, \M) does not contain curves. 
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Proof. Let L be a curve in CS(X, t A4). It follows from Theorem l3.12l that there are two different 
surfaces D and D' in the linear system | — Kx\ such that the irreducible curve L is a component 
of the cycle D ■ D' . The cycle D ■ D' is reduced and contains at most two components. 

Let V be the pencil in | — Kx\ that is generated by the surfaces D and D'. Then we may 
assume that D is a sufficiently general surface of the pencil V. Applying Lemma 12.81 together 
with the proof of Lemma 12.41 to the linear system M and the pencil V, we immediately obtain 
a contradiction in the case when the equality — Kx ■ L = 3/4 holds. Therefore, we may assume 
that either — Kx • L = 1/4 or — Kx • L = 1/2. We consider only the case —Kx ■ L = 1/4, because 
the case —Kx ■ L = 1/2 is simpler and very similar. 

Let Sw be he proper transform on W of the surface given by z = 0, and Lw be the proper 
transform on W of the curve L. Then Sw must contain Lw, because 

5 

Sw ~q a*( - K x ) - -G, 

but G ■ Lw ^ 1/3. Thus, either the curve Lw is contracted by a or the curve co(Ly) is a ruling 
of the cone P(l, 1, 1, 3) contained in the surface u o o~(G), where Ly is the image of Lw by a. 

Suppose that the curve Lw is not contracted by a. Then, the curve ui(Ly) is not contained 
in the surface R, which implies that uj{Ly) contains at most one singular point of R that is 
different from the point u o <r(P). Moreover, the curve u(Ly) must contain a singular point of 
the surface R different from uj o a{P) because —Kx • L = 3/4 otherwise. Thus, we may assume 
that the curve uj(Ly) contains the point to(Pi). 

Let Dy and D Y be the proper transforms on Y of the surfaces D and D' respectively. Then 
the point P\ is an isolated ordinary double point of the surface Dy. Thus, we see that the 
proper transform of the curve L' on the threefold W is contracted to the point Pi by a and 

Dy • Dy = Ly + Ly , 

where Ly is a ruling of the cone G = P(l, 1,3). In particular, we have —Kx ■ L' = 1/4, which 
contradicts the equality —Kx • L = 1/4. Hence, the curve Lw is contracted by a. 

Let L' w be the proper transform on W of the curve L' , and L' Y = a(L' w ). Then u>(L' Y ) is a 
ruling of the cone P(l, 1, 1, 3) that is contained in the surface uj o o~(G). The curve lo{L' y ) is not 
contained in the surface R, which implies that u(L' Y ) contains at most one singular point of the 
surface R different from the point to o o~{P). The curve uj(L' y ) must contain a singular point of 
the surface R different from uj o a{P) because —Kx ■ L' ^ 3/4. Thus, we may assume that the 
curve to(L' Y ) contains the point to(Pi). 

The point Pi is an isolated ordinary double point of Dy and a{Lw) = Pi- Hence, we have 

Dy -D'y =L'y +L'y, 

where L' Y is a ruling of G = P(l, 1, 3). The intersection Lw H L' w consists of a point O' such 
that O' $l G. Hence, the intersection LPiL' contains the point a(O r ) that is different from O. 

The surface D is smooth at the point a(O'), but [L + V) ■ L' = 1/2 on the surface D, which 
implies that L' ■ V < on the surface D. Therefore, we have 

M\d = mxL + m 2 L' + C = kL + kL 1 , 

where £ is a linear system on D that does not have fixed components, and mi and m-i are 
natural numbers such that m\ k. In particular, we have 

^ (mi - k)L' -L + C-L' = {k- m 2 )L' ■ L 1 , 

which implies that m.2 = mi = k and M\d = kL + kL', which is impossible by Lemma 12.81 □ 

It follows from Theorem EH that CS(X, = {O}. Hence, the claim of Theorem 12 .21 implies 

that V ~ Q -kK w , but P G CS(W, \V) by Lemmas O and O 

Lemma 8.4. Suppose that the set CS(l4 7 , ^T>) does not contain subvarieties of W that are 
different from the point P. Then the claim of Theorem \l.l(A holds for the hypersurface X. 

Proof. The equivalence 7i ~q> —kKjj holds by Theorem 12.21 Hence, the set CS(U, ^TL) contains 
the point Q by Lemmas 12.11 and 12.31 We see that V lies in the fibers of r\ by Theorem 12.21 □ 
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We may assume that the set CS(W / , \T>) contains a subvariety Z that is different from the 
point P. Then Z is a curve in G by Lemma 12.31 which is impossible by Corollary 12.91 

9. Case n = 9, hypersurface of degree 9 in P(l, 1, 2,3, 3). 

We use the notations and assumptions of Section|3J Let n = 9. Then X is a sufficiently general 
hypersurface in P(l, 1,2,3,3) of degree 9, the equality — K\ = 1/2 holds, and the singularities 
of the hypersurface X consist of the point O that is a quotient singularity of type ^(1, 1, 1), and 
the points P%, P2 and P3 that are quotient singularities of type 1, 2). 

There is a commutative diagram 




Y 



X ^ -P(l,l,2), 

where & is a projection, a, is the blow up of Pj with weights (1, 1,2), /3y is the weighted blow 
up with weights (1, 1, 2) of the proper transform of Pj on the variety Ui, jij is the weighted blow 
up with weights (1, 1, 2) of the proper transform of Pk on the Uij, and r\ is an elliptic fibration, 
where i ^ j and k 

Remark 9.1. The divisors —Ku i and —Kjj i:j are nef and big. 
There is a commutative diagram 

Z 



X --^P(l,l,3), 

where x is a projection, 7r is the blow up of Q with weights (1, 1, 1), and a is an elliptic fibration. 
Proposition 9.2. Either there is a commutative diagram 

(9.3) X P 

1 

CI 
y 

P(l,l,2)------P 2 , 

or there is a commutative diagram 

(9.4) X " ^X P --^V 

y 

P(l,l,3) -P 2 , 

where cp, to and v are birational maps. 

Let us prove Proposition 19.21 which implies the claim of Theorem II. 101 for n = 9. 

Lemma 9.5. Suppose that Q € CS(X, xM-)- Then there is a commutative diagram \9.J\ 

Proof. Let B be the proper transform of Ai on Z. Then B ~q —kKx by Theorem 12.21 which 
implies the equality S ■ C = 0, where S is a general surface of the linear system Ai, and C is a 
general fiber of the morphism a. Thus, the commutative diagram 19.41 exists. □ 

Lemma 9.6. The commutative diaaram \9.^\ exists whenever <CS(X, \M) = {Pi, P2, P%}- 

Proof. See the proof of Lemma 19.51 □ 
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We may assume that CS(X, \M) C {P 2 ,P 3 } by Theorem 1331 and Lemma EH 



Lemma 9.7. The set CS(X, t.M) contains the point P 2 . 

Proof. Suppose that the set CS(X, \M) consists of the point P\. Let B be the proper transform 
of the linear system A4 on the variety U\. Then B ~q —kKu 1 by Theorem 12.21 and Lemma l2.ll 
implies that the set CS(E/i, \B) is not empty. 

Let Z be an element of the set CS(J7i, tB), and G be the exceptional divisor of the birational 
morphism a\. Then it follows from Lemmas 12.31 and 12.41 that Z is a singular point of G, which 
is a quotient singularity of type 1, 1) on the variety U\. 

Let 5: W — > U\ be the weighted blow up of the point Z with weights (1, 1, 1), V be the proper 
transform of the linear system A4 on the variety W, and F be a general surface of the linear 
system | — Kw\. Then the inequality A 2 = — 1/2 holds on F, but T>\p ~q A; A by Theorem 12.21 
which is impossible by Lemmas I2.1UI and 12.81 □ 

Now we can apply the arguments of the proof of Lemma 19.71 to get a contradiction. 

10. Case n = 10, hypersurface of degree 10 in P(l,l,l,3, 5). 

We use the notations and assumptions of Section Let n = 10. Then X is a sufficiently gen- 
eral hypersurface in P(l, 1, 1, 3, 5) of degree 10, the equality —K x = 2/3 holds, the singularities 
of the hypersurface X consist of the point O that is a quotient singularity of type |(1, 1,2). 

It should be pointed out that X is birationally superrigid. 

Proposition 10.1. The claim of Theorem ] 1.1 (A holds for n = 10. 
There is a commutative diagram 




P(l,l,l,3) fcp 2 , 

where £, ip and \ are projections, a is the weighted blow up of O with weights (1, 1, 1), (3 is the 
weighted blow up with weights (1,1,1) of the singular point of W, and rj is an elliptic fibration. 

In the rest of the section we prove Proposition 110.11 Let Q be the unique singular point of 
the variety W, T> be the proper transforms of the linear system A4 on the variety W, and TL be 
the proper transforms of the linear system A4 on the variety Y . 

Lemma 10.2. The set CS(X, \M) does not contains curves. 

Proof. Suppose that CS(JT, \M) contains a curve C. Then —Kx • C = 1/3 by Lemma 12.41 
which implies that the curve C is contracted by the rational map ip to a point. 

There is a curve Z on the variety X such that Z / C, but £(Z) = £(C). Let S be a general 
surface of the linear system | — Kx \ that passes through C and Z. Then Z 2 < on the normal 
surface S, but A4\s ~q kC + kZ, which is impossible by Lemmas 12.81 and 12.101 □ 

The set CS(X, \M) consists of the point O by Theorem 13. 51 the set CS(VK, \T>) contains the 
point Q by Lemmas 12.11 and 12.31 but 7i ~q —kKy by Theorem 12.21 which implies that TL is 
contained in the fibers of 77. The claim of Prop osition 1 1 . ll is proved. 

11. Case n= 12, hypersurface of degree 10 in P(l,l,2,3,4). 

We use the notations and assumptions of Sectional Let n = 12. Then X is a general hyper- 
surface in P(l,l,2,3,4) of degree 10, whose singularities consist of the points Pi and P2 that 
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are singularities of type 2 (1, 1> 1) 5 the point P3 that is a singularity of type |(1, 1, 2), and the 
point P4 that is a singularity of type 1,3). There is a commutative diagram 




X 



where if) is a projection, 03 is the weighted blow up of P3 with weights (1, 1, 2), 04 is the weighted 
blowup of P4 with weights (1,1,3), 04 is the weighted blowup with weights (1,1,3) of the proper 
transform of the point P4 on U3, (3$ is the weighted blow up with weights (1,1,2) of the proper 
transform of the point P3 on C/4, 0*> is the weighted blow up with weights (1,1,2) of the singular 
point of C/4 that is contained in the exceptional divisor of 04, 73 is the weighted blow up with 
weights (1, 1,2) of the proper transform of the point P3 on the variety C/45, 75 is the weighted 
blow up with weights (1,1,2) of the singular point of C/34 that is contained in the exceptional 
divisor of the morphism 04, and 77 is an elliptic fibration. 

Proposition 11.1. The claim of Theorem ] 1.1 (A holds for n = 12. 

In the rest of this sectiop we prove Proposition II 1 . fl 
Remark 11.2. The divisors —Ku 3 , —Ku 4 , —Kjj 34 and —Kjj 45 are nef and big. 

It follows from Theorem and Lemma ES that CS(X, \M) C {Pi, P 2 , P 3 , P 4 }. 
Lemma 11.3. The set CS(X, \M) does not contain P\ and P 2 . 

Proof. Suppose that Pi € CS(X, \M)- Let tt: W —> X be the weighted blow up of the singular 
point Pi with weights (1, 1,1), B be the proper transform of M. on W, S be a general surface 
of the pencil | — and Z be the base curve of the pencil | — Kyy\. Then Z 2 = —1/24 on the 

surface S, but B\s ~q kZ, which contradicts Lemmas I2.1UI and 12.81 □ 

Let D3, V4, P34 and P45 be the proper transforms of M. on C/3, C/4, C/34 and C/45 respectively, 
then it follows from Lemma 12. II that CS(C/^, \P>^) ^ in the case when T>^ ~q —kKu^. 

Lemma 11.4. Suppose that the set CS(X, ^M) contains the point P4. Let P3 be the proper 
transform of the point P3 on the variety C/4, and P5 be the singular point of the variety C/4 that 
dominates the point P4. Then V4 ~q —kKjj 4 and CS(C/4, \T>4) C {P 3 , P5}. 

Proof. Suppose that CS(C/4, ^T>4) 2 {-^3) Let C be an element of CS(C/ 4) ^T>4) different from 
the points P3 and P5. Then 04(6*) = P4, which contradicts Lemma 12.31 and Corollary 12.91 □ 

Lemma 11.5. Suppose that the set CS(X, \M) contains the point P3. Let P4 be the proper 
transform of the point P4 on the variety C/3. Then V% ~q —kKu s and CS(Us, ^^3) = {Pi}- 

Proof. See the proof of Lemma 19.71 □ 

It follows from Theorem 12.21 that either P34 ~q —kK\j Z4 or D45 ~q —kKjj 45 . Let V be the 
proper transform of the linear system A4 on the variety Y. 

Lemma 11.6. Suppose that D34 ~q —kKjj 34 . Then V ~q —kKy- 

Proof. Let F be the exceptional divisor of the morphism 0%, G be the exceptional divisor of the 
morphism 04, P5 be the singular point of the surface G, and Pq be the singular point of the 
surface F. Then V ~q> —kKy by Theorem 12. 21 if the set C§>(U^4, ^^34) contains the point P5. 

Suppose that P 5 £ CS(C/ 3 4, ^34)- Then P 6 G CS(C/ 34 , ^34) by Lemmas l2~T1 and l2~3l 

22 



Let 7r: W — > C/34 be the weighted blow up of the point Pq with weights (1, 1,1), B be the 
proper transform of the linear system M. on the variety W, and S be a general surface of the 
linear system | — K\y \ . Then the base locus of | — K\y | consists of the irreducible curve A such 
that B\s ~q kA, but A 2 < holds on S, which contradicts Lemmas I2.1UI and 12.81 □ 

The proof of Lemma ll 1 . 61 implies that T> ~q —kKy whenever D45 ~q —kK{j i5 , but it follows 
from the equivalence T> ~q —kKy that the linear system T> lies in the fibers of the elliptic 
fibrations r/. Hence, the claim of Proposition lll.ll is proved. 

12. Case n = 13, hypersurface of degree 11 in P(l, 1,2, 3, 5). 

We use the notations and assumptions of Section |31 Let n = 13. Then X is a sufficiently 
general hypersurface in P(l, 1,2,3, 5) of degree 11, the singularities of the hypersurface X consist 
of the point P\ that is a quotient singularity of type 1, 1), the point P2 that is a singularity 
of type |(1, 1,2), the point P3 that is a sing ularity of type ^(1,2,3), and -K\ = 11/30. 

Proposition 12.1. The claim of Theorem 1 1.1 (A holds for n = 13. 

Let us prove Proposition 112. ll There is a commutative diagram 




X 



where ip is a projection, ai is the weighted blow up of P2 with weights (1, 1, 2), a 3 is the weighted 
blow up of P3 with weights (1, 2, 3), p 3 is the weighted blow up with weights (1, 2, 3) of the proper 
transform of the point P3 on the variety U2, 02 is the weighted blow up with weights (1,1,2) of 
the proper transform of P2 on the variety U3, (5^ is the weighted blow up with weights (1, 1, 2) of 
the singular point of the variety U3 that is the quotient singularity of type g(l, 1,2) contained 
in the exceptional divisor of 03, 72 is the weighted blow up with weights (1, 1, 2) of the proper 
transform of P2 on the variety C/34, 74 is the weighted blow up with weights (1,1,2) of the 
singular point of the variety U23 that is the quotient singularity of type | (1,1,2) contained in 
the exceptional divisor of the morphism (5 3 , and r\ is an elliptic fibration. 

It follows from Theorem l3~51 Lemma Ell and Proposition E3 that CS(X, \M) C {P2,P 3 }. 

Lemma 12.2. The set CS(X, \Ai) contains the point P3. 

Proof. Suppose that P 3 <£ CS(X, \M). Then CS(X, \M) = {P 2 }. Let V 2 be the proper 
transform of M on the variety U2- Then it follows from Theorem 12.21 that T>2 ~q —kKu 2 , but 
the set CS(C/2, ^^2) is not empty by Lemma l2~Tl 

Let E be the exceptional divisor of the morphism «2- Then E can be identified with a cone 
over the smooth rational curve in P 3 of degree 3. Let Z be a subvariety of the variety U2 that is 
contained in the set CS(i/2, ^^2)- Then it follows from Lemmas 12 . 31 and 12 . 41 that Z is the vertex 
of the cone E, which is a quotient singularity of type ^(1, 1, 1) on the variety 1/2- 

Let 7r: W — > U2 be the blow up of the point Z with weights (1, 1, 1), and S be a sufficiently 
general surface of the pencil | — K\y\. Then the base locus of the pencil | — K\\r\ consists of an 
irreducible curve A such that A 2 = —3/10 on the surface S, but B\s ~q kA, where B is the 
proper transform of Ai on W. We have B\s = kA, which is impossible by Lemma 12.81 □ 

Lemma 12.3. The set CS(X, \M) contains the point P2. 
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Proof. Suppose that CS(X, ^ Ai) does not contain the point P2. Then CS(X, ^AA) consists of the 
point P3. Let P3 be the proper transform of Ai on U3. Then CS(£/3, / by Lemma l'2. II 

Let G be the exceptional divisor of the morphism a^, Pa be the singular point of G that is 
a quotient singularity of type |(1, 1,2) on the variety C/3, and P5 be the singular point of the 
surface G that is a quotient singularity of type ^(1,1,1) on U3. Then G = P(l,2,3), and it 
follows from Lemma l2~31 that either CS(U 3 , \V Z ) = {P 4 }, or P 5 e CS(J7 3 , ±£> 3 ). 

Suppose that the set CS(C/3, ^^3) contains the point P5. Let 7r: — > U3 be the weighted 
blow up of P5 with weights (1, 1, 1), B be the proper transform of Ai on W, L be the curve on 
the surface G that is contained in |CWl,2,3)(1)|> L be the proper transform of the curve L on 
the variety W, and S be a general surface in | — Kw\. Then B\s ~q A: A + fcZ by Theorem 12.21 
the base locus of | — K\y \ consists of the curves L and A such that a o 7r(A) is the base curve 
of the pencil | — Kx\- The equalities 

A 2 = -5/6, L 2 = -4/3, A • L = 1 

hold on the surface S, which imply that the intersection form of the curves A and L on the 
surface S is negatively defined. The latter is impossible by Lemmas 12.81 and 12 . 1 (Jl 

Hence, the set CE(Us, AD3) consists of the point P4. Let P34 be the proper transform of 
the linear system Ai on the variety E/34. Then C§(?734, 34) 7^ by Lemma 12.11 because the 
equivalence P34 ~q —kKu 34 holds by Theorem 12.21 

Let E be the exceptional divisor of the morphism ^4, and Pq be the singular point of the 
surface E. Then E = P(l, 1,3), the point P$ is a quotient singularity of type ^(1, 1, 1) on the 
variety {734, and Pq € CE(Us4, ^^34) by Lemma l2~3l 

Let £: Z — > ^34 be the weighted blow up of i-fo with weights (1,1,1), H be the proper 
transform of Ai on Z, and F be a general surface of the pencil | — Kz\- Then the base locus of 
the pencil | — Kz \ consists of irreducible curves L and A such that the equalities 

A 2 = -5/6, L 2 = -3/2, A • L = 1 

hold on F. Thus, the intersection form of the curves A and L on the surface F is negatively 
defined, but T~L\f ~<q> k A + kL by Theorem 12.21 which contradicts Lemmas 12 . 81 and 12 . 1UI □ 

Let V23 be the proper transform of Ai on ^23. Then C§([/23, ^^23) 7^ by Lemma l2~Tl 

Remark 12.4. The proof of Lemma 112.21 implies that the set C§([/23, ^^23) does no contain the 
singular point of the variety U23 that is contained in the exceptional divisor of $2 , but the proof 
of Lemma 112.31 implies that C§([/23, ^^23) does not contain the singular point of U23 that is a 
singularity of type |(1, 1, 1) contained in the exceptional divisor of /?3. 

Therefore, the set CS(C/23) ^^23) contains the singular point the variety U23 that is a singu- 
larity of type |(1,1,2) contained in the /^-exceptional divisor, which implies that the proper 
transform of Ai on the variety Y is contained in the fibers of r\ by Theorem 12.21 

13. Case n= 15, hypersurface of degree 12 in P(l, 1, 2, 3, 6). 

We use the notations and assumptions of Section |3J Let n = 15. Then X is a sufficiently 
general hypersurface in P(l,l,2,3,6) of degree 12, the equality — = 1/3 holds, and the 
singularities of the hypersurface X consist of the points P\ and P2 that are quotient singularities 
of type |(1, 1, 1), and the points P3 and P4 that are quotient singularities of type |(1, 1, 2). 

There is a commutative diagram 
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where ifi is a projection, a is the weighted blow up of the point P3 with weights (1,1,2), (3 is the 
weighted blow up of P4 with weights (1, 1,2), 7 is the weighted blow up with weights (1, 1, 2) of 
the proper transform of P4 on the variety U, 5 is the weighted blow up with weights (1, 1, 2) of 
the proper transform of the point P3 on the variety W, and rj is an elliptic fibration. 

Proposition 13.1. The claim of Theorem 1 1.1 CA holds for n = 15. 

Proof. We have CS(X, ±M) C {P 3 ,P 4 } by Theorem l3~51 Proposition 1371 and Lemma 1X131 

Let 7i be the proper transform of the linear system Ai on the variety Y. To conclude the 
proof we must show that 7i lies in the fibers of the morphism i], which easily follows from the 
condition CS(X, \M) = {P 3 , P 4 } by Theorem l2~2l We may assume that P 4 i CS(X, \M). 

Let B be the proper transform of Ai on U, and Q be the singular point of U that is contained 
in the exceptional divisor of the morphism a. Then B ~q —kKjj by Theorem 12. 21 and it follows 
from Lemmas 12 . 1 1 and 12 . 31 that the set CS(C/, ^B) contains the singular point Q. 

Let (: Z — > U be the weighted blow up of the point Q with weights (1, 1, 1), T> be the proper 
transform of Ai on the threefold Z, and S be a general surface in | — Kz\. Then the base locus 
of the pencil | — Kz\ consists of an irreducible curve A such that A 2 < on the surface S, which 
is impossible by Lemmas 12.101 and 12.81 because V\s ~q —kA by Theorem 12.21 □ 



14. Case n = 16, hypersurface of degree 12 in P(l, 1,2,4, 5). 

We use the notations and assumptions of Section |3J Let n = 16. Then X is a sufficiently 
general hypersurface in P(l, 1, 2,4, 5) of degree 12, the equality — K\ = 3/10 holds, and the sin- 
gularities of the hypersurface X consist of the points P%, P2 and P3 that are quotient singularities 
of type 2(1, 1, 1), and the point P4 that is a quotient singularity of type g(l, 1,4). 

Proposition 14.1. The claim of Theorem 1 1.1 (A holds for n = 16. 

Let us prove Proposition 114. ll There is a commutative diagram 

U~* W * Y 

'/ 

X -P(l,l,2) 

w 

where tp is the natural projection, a is the weighted blow up of -P4 with weights (1, 1,4), (3 is the 
weighted blow up with weights (1,1,3) of the singular point of the variety U that is contained 
in the exceptional divisor of a, 7 is the weighted blow up with weights (1, 1, 2) of the singular 
point of W that is contained in the exceptional divisor of 0, and 7/ is an elliptic fibration. 

Remark 14.2. The divisors —Kjj and — K\y are nef and big. 

It follows from Theorem 13.51 Lemma 13.141 and Proposition 13.71 that CS(X, \M) consists of 
the point P4. Let G be the exceptional divisor of the morphism a, P5 be the singular point of 
the surface G, and T> be the proper transform of A4 on the variety U. Then G is a cone over a 
smooth rational curve of degree 4, and P5 is a singularity of type j(l, 1,3) on the variety U. 

We see that V ~ Q -kK v by Theorem l2~2l and C§(£7, \V) ^ by Lemma l2~Tl 

Lemma 14.3. The set CS(U, ^D) consists of the point P5. 

Proof. Suppose that the set CS(U, ^T>) contains a subvariety C of the variety U that is different 
from the point P5. Then it follows from Lemma 12.31 that C is a ruling of the cone G, which is 
impossible by Corollary 12.91 □ 

Let Ti be the proper transform of Ai on W . Then it follows from Theorem l2.2l and Lemmas l2.ll 
and 12.31 that the set CS(P^, \7~L) contains the singular point of the variety W that is contained 
in the exceptional divisor of (3. Therefore, the proper transform of the linear system Ai on the 
variety Y lies in the fibers of the morphism rj by Theorem 12.21 
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15. Case n = 17, hypersurface of degree 12 in P(l, 1,3,4,4). 

We use the notations and assumptions of Section |31 Let n = 17. Then X is a general hyper- 
surface in P(l, 1, 3, 4, 4) of degree 12, whose singularities consist of the points Pi, P2 and P3 that 
are singularities of type 1,3). There is a commutative diagram 



Z 



X 



P(l,l,3), 



where ip is a projection, ir is a composition of the weighted blow ups of Pi, P2 and P3 with 
weights (1, 1,3), and oj is and elliptic fibration. There is a commutative diagram 




1,1,4), 



where £j is a projection, a, is the blow up of Pj with weights (1, 1,3), /3, is the weighted blow 
up with weights (1,1,2) of the singular point the variety Ui that is contained in the exceptional 
divisor of the morphism ctj, and rji is an elliptic fibration. 

Proposition 15.1. Either there is a commutative diagram 

p 



;i5.2) 



X 



>■ V 



4> 1 



P(l,l,3) ----- ^P 2 , 



or there is a commutative diagram 



;i5.3) 



X-- 
I 

(1,1,4) 



^X 



>■ V 



for some i G {1,2,3}, where <p, a and v are birational maps. 

Let us prove Proposition 115.11 which implies the claim of Theorem 11.101 for n 



17. 



Remark 15.4. It easily follows from Theorem 12.21 that the commutative diagram 115.21 exists, if 
the set CS(X, \M) contains the point Pi, P2 and P3. 

It follows from Theorem EHtI and Lemma l3~Tl that CS(X, \M) C {P 1 ,P 2 ,P 3 }, but we may 
assume that the set CS(X, \M) contains the point Pi and does not contain the point P3. 

Remark 15.5. The divisor —K\j x is nef and big. 

Let T> be the proper transform of the linear system M. on the variety Ui, P2 be the proper 
transform of the point P2 on the variety U\, and P4 be the singular point of the variety U\ that 
is contained in the exceptional divisor of a\. Then T> ~q —kKjj 1 by Theorem 12 .21 and it follows 
from Lemma 12. II that the set CS(C/i, ^P) is not empty. 

Remark 15.6. It easily follows from Theorem 12.21 that the commutative diagram 115.31 exists in 
the case when the set CE>(Ui, ^V>) contains the point P4. 
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Therefore, we may assume that CE>(Ui, ^T>) does not contain the point P4. Hence, it follows 
from the proof of Lemma 19.71 that CS(Ux,jz'D) does not contains subvarieties of U\ that are 
contained in the exceptional divisor of a\. Thus, the set CS(£/i, tT>) contains P3. 

Let 7: W — ► U\ be the weighted blow up of the point P 3 with weights (1, 1, 3), B is the proper 
transform of Ad on the variety W, S be a general surface of in | — Kyy\, and C be the base 
curve of the pencil | — Kyy\. Then B ~q — kK\y by Theorem 12.21 the curve C is irreducible, the 
inequality C 2 = —1/24 holds on the normal surface S, and the equivalence B\s ~q kC holds, 
which is impossible by Lemmas 12.101 and 12.81 The claim of Proposition I15.l1 is proved. 

16. Case n = 19, hypersurface of degree 12 in P(l,2, 3,3,4). 

We use the notations and assumptions of Section |3 Let n = 19. Then X is a general 
hypersurface in P(l, 2, 3, 3, 4) of degree 12, the singularities of the hypersurface X consist of the 
points 0\, O2, O3 that are quotient singularities of type ^(1, 1, 1), the points Pi, P2, P3, P4 that 
are quotient singularities of type g(l, 1,2), and the equality — K\ = 1/6 holds. 

It follows from Example 1 1 . 71 that for every i € {1,2,3,4} there is a commutative diagram 



1,2,3), 



where is a projection, 7Tj is the blow up of Pi with weights (1, 1, 2), and rji is an elliptic fibration. 
Proposition 16.1. There is a commutative diagram 

(16.2) X P 

1 

P(l,2,3)-----> 




for some i € {1,2,3,4}, where a is a birational map. 

Proof. The set CS(X, \AA) contains the point Pj for some i £ {1,2,3,4}. Let V be the proper 



transform of the linear system KA on the variety Ui . Then T> 
implies the existence of the commutative diagram 116.21 



-kK\j i by Theorem 12.21 which 

□ 



17. Case n = 20, hypersurface of degree 13 in P(l, 1, 3, 4, 5). 

We use the notations and assumptions of Section |21 Let n = 20. Then X is a general hyper- 
surface in P(l, 1,3,4,5) of degree 13, the equality — K\ = 13/60 holds, and the singularities of 
the hypersurface X consist of the point Pi that is a singularity of type |(1, 1,2), the point P2 
that is a singularity of type |(1, 1, 3), and the point P3 that is a singularity of type |(1, 1, 4). 
There is a commutative diagram 



P(l,l,3), 




where ip is a projection, ai is the weighted blow up of P2 with weights (1, 1, 3), 0:3 is the weighted 
blow up ofP3 with weights (1, 1, 4), (3% is the weighted blow up with weights (1, 1, 4) of the proper 
transform of the point P3 on U2, P2 is the weighted blow up with weights (1, 1, 3) of the proper 
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transform of the point P2 on the variety U3, (3$ is the weighted blow up with weights (1, 1,3) 
of the singular point of C/3 that is contained in the exceptional divisor of 03 , 72 is the weighted 
blow up with weights (1,1,3) of the proper transform of P2 on 74 is the weighted blow up 
with weights (1,1,3) of the singular point of the variety U23 that is contained in the exceptional 
divisor of the morphism /?3, and rj is an elliptic fibration. 

Remark 17.1. The divisors —Ku 2 , —Ku 3 , —Kjj 23 and —Kjj 34 are nef and big. 

There is a commutative diagram 



1,1,4), 



x-- 

where £ is a projection, a\ is the blow up of Pi with weights (1, 1, 2), is the weighted blow up 
of the point P3 weights (1, 1,4), 73 is the weighted blow up with weights (1, 1,4) of the proper 
transform of P3 on the variety U\, 71 is the weighted blow up with weights (1,1,2) of the proper 
transform of the point Pi on the variety C/3, and uj is an elliptic fibration. 

Remark 17.2. The divisor —K\j^ is nef and big. 

In the rest of the section we prove the following result. 




Proposition 17.3. Either there is a commutative diagram 

P 



(17.4) X-- 

y 

P(l,l,3) 

or there is a commutative diagram 



(17.5) 



x-- 

I 

V 

P(l,l,4) 



^X 



where a, v and C, are birational maps. 

It follows from Theorem l3~51 and Lemma ETUI that CS(X, \M) C {Pi,P 2 ,P 3 }. 

Lemma 17.6. Suppose that {Pi,Ps} C CS(X, \M)- Then the commutative diagram \l 7. 5\ exists. 

Proof. Let B be the proper transform of the linear system M. on the variety Y, and S be a 
general surface in B. Then S ~q —kKy by Theorem 12.21 We see that S ■ C = 0, where C is a 
general fiber of uj, which implies the existence of the commutative diagram 117.51 □ 

Lemma 17.7. The set CS(X, \M) does not contain the set {Pi,P2}. 

Proof. Suppose that {Pi,P 3 } C CS(X, \M). Let vr: W -> U x be the weighted blow up with 
weights (1, 1, 3) of the proper transform of the point P2 on the variety U\, and B be the proper 
transform of the linear system A4 on the variety W. Then B ~q — kK\y by Theorem 12.21 

The linear system | — K\y \ is a pencil, the base locus of the pencil | — K\y \ is the irreducible 
curve A such that the curve a\ o n(C) is cut on the hypersurface X by the equations z = y = 0. 

Let S be a sufficiently general surface of the linear system | — K w | , P 3 be the proper transform 
of the singular point P3 on the variety W, and P5 and Pq be other singular points of W such 
that cti o ir(Ps) = P\ and oi\ o tt(Pq) = P 2 . Then P5 is a quotient singularity of type ^(1, 1, 1) 
on the variety W, the point P§ is a quotient singularity of type 4(1, 1, 2) on the variety W, the 

28 



surface S is smooth outside of the points P3, P5 and Pq, the singularities of the surface S in the 
points P3, P5 and Pq are Du Val singularities of types A4, Ai and A2 respectively. 

The equality A 2 = —1/30 holds on the surface S, but the equivalence B\s ~<q kA holds, 
which implies that B\s = kA. Now we can easily get a contradiction using Lemma 12.81 □ 

Lemma 17.8. The set CE>(X, \Ai) is not consists of the point P^. 

Proof. Suppose that CS(X, \M) = {Pi}. Let V be the proper transform of Ai on Ui. Then 
the equivalence T> ~q —kK\j i holds by Theorem 12.21 Moreover, it follows from Lemma 12.11 and 
the proof of Lemma 19.71 that the set CS(t/j, \T>) contains the singular point of f7, that is the 
singular point of the exceptional divisor of the birational morphism oti . 

Let 7r: W — > Ui be the weighted blow up with weights (1, l,i) of the singular point of the 
variety Ui that is contained in the exceptional divisor of the morphism ai, and B be the proper 
transform of the linear system Ai on the variety W. Then B ~q —kKw by Theorem 12. 21 

Let S be a sufficiently general surface of the pencil | — Kw\, and A be the unique base curve 
of the pencil | — K\y\. Then the surface S is normal, but the curve A is irreducible, rational and 
smooth. Moreover, simple computations imply that the equality 

' -9/20 i = 1, 

- 1/30 i = 2, 

i = 3, 



A 2 



holds on the surface S. However, we have the equivalence B\s ~q kA, which implies (see the 
proof of Lemma ll7.7|) that the curve ai o 7r(A) is contained in the set CS(X, \Ai) if i 7^ 3. 
Therefore, the equality % = 3 holds. 

Let G be the exceptional divisor of 03, and P4 be the singular point of U3 that is contained in 
divisor G. Then P 4 is a quotient singularity of type 4(1, 1,3) on the variety U3, and it follows 
from Lemmas 12.31 and 12.41 that the set CE>(U^, \V) consists of the singular point P4. 

The variety W is the variety C/34, and tt is the morphism ^4. Thus, the divisor —Kyy is nef 
and big. Therefore, it follows from Lemmas 12.11 and 12.31 that the set CS(Wi \B) contains the 
singular point of the variety W that is contained in the exceptional divisor of the tt. 

Let [i : Z — > W be the weighted blow up weights (1,1,2) of the singular point of the variety W 
that is contained in the exceptional divisor of the morphism tt, and V be the proper transform of 
the linear system Ai on the variety Z. Then the equivalence V ~q —kKz holds by Theorem 12. 21 

Let F be a sufficiently general surface of the pencil | — Kz\, and V be the unique base curve of 
the pencil | — Kz\- Then the surface F is irreducible and normal, but the curve V is irreducible, 
rational and smooth. The equality T 2 = —1/24 holds on F, but V\s ~q kT, which easily leads 
to a contradiction using Lemmas 12.81 and 12 .101 □ 

To conclude the proof of Proposition 117.31 we may assume that CS(X, xAi) = {P2 ; -P3}- 
Let T> be the proper transform of Ai on t/23- Then D ~q —kKjj 23 by Theorem 12.21 and it 
follows from Lemmas 12. II and 12.31 that the set CS(C/23, t2?) contains either the singular point of 
the variety U23 that is contained in the exceptional divisor of the morphism fy, or the singular 
point of the variety U23 that is contained in the exceptional divisor of /?2- 

Lemma 17.9. The set C§([/23, \T>) does not contain the singular point of the variety U23 that 
is contained in the exceptional divisor of the morphism fii- 

Proof. Let E be the exceptional divisor of the morphism /?2, and Pq be the singular point of the 
surface E. Then Pq is a quotient singularity of type 1, 2) on U23 ■ 

Suppose that the set C§(£/23, \"D) contains Pq. Let tt: W — > U23 be the weighted blow up 
of the point Pq with weights (1,1,2), B be the proper transform of Ai on W, S be a general 
surface of the pencil | — Ky/\, and A be the base curve of the pencil | — K\y\. Then S is normal, 
the curve A is irreducible, and B\s ~q kA by Theorem 12.21 but the equality A 2 = —1/24 holds 
on the surface S, which contradicts Lemmas 12.101 and 12.81 □ 

Hence, the set CS(C/23, iP) contains the singular point of the variety U23 that is contained in 
the exceptional divisor of the morphism (3%. Thus, the existence of the commutative diagram ll7.5l 
is easily implied by Theorem 12.21 The claim of Proposition 117.31 is proved. 
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18. Case n = 23, hypersurface of degree 14 in P(l,2,3,4,5). 

We use the notations and assumptions of Section |31 Let n = 23. Then X is a sufficiently 
general hypersurface in P(l, 2, 3, 4, 5) of degree 14, the singularities of the hypersurface X consist 
of the points Pi, P2, and P3 that are quotient singularities of type 5(1, 1, 1), the point P4 that is a 
quotient singularity of type |(1, 1, 2), the point P5 that is a quotient singularity of type |(1, 1, 3), 
the point Pq that is quotient singularity of type 2, 3), and the equality — ifj^ = 7/60 holds. 

There is a commutative diagram 




where ip is the natural projection, 05 is the weighted blow up of the singular point P5 with 
weights (1, 1, 3), a% is the weighted blow up of Pq with weights (1, 2, 3), P$ is the weighted blow 
up with weights (1, 1, 3) of the proper transform of P5 on the variety Uq, (3q is the weighted blow 
up with weights (1, 2, 3) of the proper transform of Pq on t/5, and r/ is an elliptic fibration. 
In the rest of the section we prove the following result. 

Proposition 18.1. The claim of Theorem M.llA holds for n = 23. 

It follows from Theorem l3~51 Lemma EH] and Proposition EZI that CS(X, \M) C {P 5 ,P 6 }. 

Lemma 18.2. The set CS(X, x-M) contains the point Pq. 

Proof. Suppose that CS(X, \M) does not contain Pq. Then the set CS(X, \M) consists of the 
point P5. Let D5 be the proper transform of M. on U5. Then T>§ ~q —kK\j h by Theorem 12.21 
but the set CS(L%, \'D§) is not empty by Lemma l2~Tl 

Let P7 be the singular point of the variety U5 that is contained in the exceptional divisor of 
the morphism 05. Then the point P7 is a quotient singularity of type |(1, 1,2) on U5, and it 
follows from Lemma 12.31 that C§(£/5, t^b) contains P7. Let ir: U — > t/5 be the weighted blow 
up of the point P7 with weights (1, 1,3). Then the linear system | — 2Kjj\ is a proper transform 
of the pencil | — 2Kx\, and the base locus of the pencil | — 2Kjj\ consists of a single irreducible 
curve Z such that 0:5 o ir(Z) is the unique base curve of the pencil | — 2Kx\- 

Let 5 be a sufficiently general surface of the pencil | — 2Ku\. Then the surface S is normal, 
the surface S contains the curve Z, and the inequality Z 2 < holds on the surface S, because 
the inequality — Kfj < holds. However, the equivalence B\s ~q kZ holds by Theorem 12.21 
where B is the proper transform of Ai on W. It follows from Lemma 12.101 that 

Supp(S') n Supp(D) = Supp(Z), 

where D is a sufficiently general surface of the linear system B, which contradicts Lemma 12.81 
because the linear system B is not composed from a pencil. □ 

It easily follows from Theorem 12.21 that the claim of Theorem 11.101 holds for X whenever the 
set CS(X, \M) contains the points P5 and Pq. So, we may assume that P5 CS(X, \M)- 

Let T>q be the proper transform of A4 on Uq. Then T>q ~q —kKjj 6 by Theorem 12.21 which 
implies that the set CE(Uq, \T)q) is not empty by Lemma 12. II Let P7 and Ps be the singular 
points of the variety U§ that are quotient singularities of types |(1, 1, 2) and |(1, 1, 1) contained 
in the exceptional divisor of the morphism a§ respectively. Then the set CS(C/6, \^&) contains 
either the point P7, or the point P% by Lemma 12.31 

Lemma 18.3. The set CS(C/6, \T> g) does not contain the point P7. 

Proof. Suppose that P7 G £S{Uq, \T)q). Let 7: W — > Uq be the weighted blow up of P7 with 
weights (1,1,2), and S be a general surface of in | — 2K\y\. Then the surface S is irreducible 
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and normal, the linear system | — 2K\y \ is the proper transform of the pencil | — 2Kx\, and the 
base locus of the pencil | — 2K]y | consists of the irreducible curve A such that the equality 

A 2 = -IX*, = -i 

holds on the surface S. Moreover, the equivalence B\s ~q kA holds, where B is the proper 
transform of A4 on W, which contradicts Lemmas 12. 1UI and 12.81 □ 

Therefore, the set C§(L%, \T^q) contains the point Ps. 

Remark 18.4. The linear system | — 3Kjj & | is the proper transform of the linear system | — 3Kx |, 
the base locus of the linear system | — 3Ku 6 | consists of the irreducible fiber of ifi o a% that passes 
through the singular point Ps- 

Let 7r: U Uq be the weighted blow up of the point Pg with weights (1,1,1), F be the 
exceptional divisor of the morphism tt, T> be the proper transform of the linear system M on 
the variety U, and TL be the proper transform of the linear system | — 3Kjj 6 \ on U. Then 



V ~q -kK v ~q 7r* ( - kK u& 
by Theorem 12.21 The simple computations imply that 



-F 

2 



1 



and the base locus of 7i consists of the irreducible curve Z such that a% on(Z) is the base curve 
of the linear system | — 3Kx\- Moreover, the equality S ■ Z = 1/12 holds, where S is a general 
surface of the linear system TC. 

Let D\ and D 2 be general surfaces of the linear system V. Then 

1 

2' 



-k 2 /A =[tt*(- 3K U6 ) - -F) ■ (tt*( - kK Ue ) - -Fj =(**{- 3K Ue ) - -F) ■D 1 -D 2 ^Q, 
which is a contradiction. Hence, the claim of Proposition 118. ll is proved. 

19. Case n = 25, hypersurface of degree 15 in P(l,l,3, 4, 7). 

We use the notations and assumptions of Section Let n = 25. Then X is a sufficiently 
general hypersurface in P(l,l,3,4, 7) of degree 15, the equality — K x = 5/28 holds, and the 
singularities of X consist of the point Pi that is a quotient singularity of type 4(1, 1,3), and the 
point P2 that is a quotient singularity of type |(1,3,4). 

Proposition 19.1. The claim of Theorem 1 1.1 u\ holds for n = 25. 

There is a commutative diagram 

Y 

73 / \ 7i ~~ — V 



P(l,l,3), 




where tp is a projection, a\ is the weighted blow up of Pi with weights (1,1,3), «2 is the 
weighted blow up of P2 with weights (1, 3, 4), /?2 is the weighted blow up with weights (1, 3, 4) of 
the proper transform of P2 on U\, f3\ is the weighted blow up with weights (1, 1, 3) of the proper 
transform of the point Pi on the variety U2, $3 is the weighted blow up with weights (1,1,3) of 
the singular point of the variety U2 that is a quotient singularity of type |(1, 1, 3) contained in 
the exceptional divisor of the morphism 71 is the weighted blow up with weights (1, 1,3) of 
the proper transform of Pi on U23, 73 is the weighted blow up with weights (1,1,3) of the point 
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of the variety Ui 2 that is a quotient singularity of type ^(1,1,3) contained in the exceptional 
divisor of the morphism f3 2 , and rj is an elliptic fibration. 

Remark 19.2. The divisors —K\j X) —Kjj 2 , —Kjj 12 and —Kjj 23 are nef and big. 

Let us prove Proposition 119. ll It follows from Theorem 13.51 Lemma 13. 141 and Proposition 13. 71 
that CS(X, \M) C {Pi,P 2 }. To conclude the proof of Proposition HHU we may assume that 
the singularities of the log pair (X, \M) are canonical (see Remark l3.4j) . 

Lemma 19.3. The set CS(X, \M) contains the point P 2 . 

Proof. Suppose that the CS(X, £ M.) does not contain the point P 2 . Let T>\ be the proper 
transform of the M on the variety U\. Then CS(X, ~M) = {Pi}, and the set CS(C/i, \V X ) is 
not empty by Lemma 12.11 because the equivalence T>\ ~q —kKu x holds by Theorem 12.21 

Let P5 be the singular point of the variety U\ that is contained in the exceptional divisor of 
the morphism a±. Then the point P5 is a quotient singularity of type |(1, 1,2) on U\, and it 
follows from Lemma 1231 that CS(Lq, tT>i) contains the point P5. 

Let 7r: W — > U\ be the blow up of the point P5 with weights (1, 1, 2), and S be a sufficiently 
general surface of the pencil | — Ky/\. Then the surface S is irreducible and normal, and the 
base locus of the pencil | — K\y | consists of the irreducible curve A such that 

a 2 _ K 3 _ 1 
" Kw ~ 14 

on the surface S, but £>|s ~q kA, where B is the proper transform of the linear system A4 on 
the variety W. Therefore, we have B\s = kA, which implies that 

Supp(S') n Supp(D) = Supp(A), 

where D is a general surface in B. The latter contradicts Lemma 12.81 □ 

Let G be the exceptional divisor of a 2 , T) 2 be the proper transform of the linear system M on 
the variety U 2 , Pi be the proper transform of Pi on U 2 , and P3 and P4 are the singular points 
of the variety U 2 that are quotient singularities of types ^(1,1,3) and ^(1,1,2) contained in the 
exceptional divisor G respectively. Then G = P(l, 3,4), the points P3 and P4 are singular points 
of the surface G, and T> 2 ~q —kKjj 2 by Theorem 12. 21 Hence, the set CS(C/2, \P > 2) is not empty 
by Lemma 12. II Moreover, the proof of Lemma 119.31 implies that CS([/2, \^2) 7^ {Pi}- 

Lemma 19.4. The set CS(U 2 , \~D 2 ) does not contain both points P3 and P4. 

Proof. Suppose that {P3, P4} C C8(U 2 , \T> 2 ). Let tt: W —> U 2 be a composition of the weighted 
blow ups of the points P3 and P4 with weights (1, 1, 3) and (1, 1, 2) respectively, and B be the 
proper transform of A4 on the variety W. Then B ~q — kK\y by Theorem 12.21 

Let S be a general surface of the pencil | — Kw\- Then the surface S is irreducible and normal, 
but the base locus of the pencil | — Kw \ consists of the irreducible curves C and L such that 
the curve a 2 o 7r(C) is the unique base curve of the pencil | — Kx\, the curve n(L) is contained 
in the surface G, and n(L) is the unique curve in |Cp(i i 3,4)(l)|- We have 

B\s ~q -kK w \ s ~q kS\s = kC + kL, 
but the intersection form of L and C on S is negatively defined, and Lemma 12. 101 implies that 

Supp(S) n Supp(£>) = Supp(C) U Supp(L), 
where D is a general surface in B, which is impossible by Lemma 12.81 □ 

Thus, we have CS(Z7 2 , \P> 2 ) C {P u P 3 , P 4 } by Lemma 1231 . 
Lemma 19.5. The set CS{U 2 , \T) 2 ) contains either the point P\, or the point P4. 

Proof. Suppose that the set CS(U 2 , \P> 2 ) does not contain neither the singular point Pi, nor the 
singular point P4. Then the set CS(C/2, \P > 2) consists of the point P3. 

The linear system | — Kjj 2 \ is the proper transform of the pencil | — Kx\, and the base locus 
of the pencil | — Kjj 2 \ consists of the irreducible curves L and A such that 02(A) is the unique 

32 



base curve of the pencil | — Kx\, the curve L is contained in the divisor G, the curve L is the 
unique curve of the linear system | Cp(i, 3, 4) (1) I ■ 

Let Pq be the singular points of the variety U23 that is contained in the exceptional divisor 
of /?3, and V23 be the proper transform of M. on C/23. Then V23 ~Q —kKu 2S by Theorem 12.21 
and it follows from Lemmas 12.11 and 12,31 the the set C§(£/23, ^^23) contains the point Pg that is 
a quotient singularity of type |(1, 1, 2) on the variety U23- 

Let tt:W^>- U23 be the weighted blow up of Pq with weights (1,1,2), V be the proper 
transform of M on the variety W, and L and A be the proper transforms of L and A on the 
variety W respectively. Then T> ~q — kKy/ by Theorem 12.21 the pencil | — Kw\ is the proper 
transform of the pencil | — Kjj 2 |, and the base locus of | — K\\r\ consists of L and A. 

Let S be a general surface of the pencil | — Kw\- Then the surface S is irreducible and normal, 
the equivalence T>\s ~<q A; A + kL holds, but the equalities 

A 2 = -7/12, Z 2 = -5/6, A • L = 2/3 

hold on the surface S. Therefore, the intersection form of the curves A and L on normal the 
surface S is negatively defined, which contradicts Lemmas 12.101 and 12 . 81 □ 

The hypersurface X can be given by the equation 

w 2 y + wt 2 + wtfi(x,y,z) + wf 8 (x,y,z) + tfn(x,y,z) + f 15 (x,y,z) = C Proj (c[x, y, z, t, w]j , 

where wt(x) = 1, wt(y) = 1, wt(z) = 3, wt(t) = 4, wt(u>) = 7, and fi(x,y,t) is a sufficiently 
general quasihomogeneous polynomial of degree i. 

Remark 19.6. Suppose that the set CS(t7 2 , \T>2) contains both points -Pi and P3. Then the 
claim of Theorem 12.21 easily implies the existence of the commutative diagram 



x-- 

I 

V> I 
v 

(1,1,3) 



where £ is a birational map. 

Therefore, we may assume that set C§([/2, \J^2) does not contains both points -Pi and P3. 
Lemma 19.7. The set C§([/2, ^^2) contains the point P\. 

Proof. Suppose that Pi g CS(U 2 , \V 2 ). Then CS([/ 2 , \V 2 ) = {Pa}- 

Let 7r: W — > U2 be the weighted blow up of the point P4 with weights (1, 1,2), E be the 
exceptional divisor of the morphism tt, and G and B be proper transforms of the divisor G and 
the linear system Ai on the variety W respectively. Then it follows from Theorem 12 . 21 that the 
equivalence B ~q> — kK\y holds, but the proof of Lemma T19.5I implies that the set C8(W, rB) 
does not contain the singular point of the variety W that is contained in the exceptional divisor of 
the morphism tt. Therefore, the singularities of the log pair (W, \B) are terminal by Lemma 12.31 

Let S x , S y , S z , St and S w be proper transforms on the variety W of the surfaces that are cut 
on the variety X by the equations x = 0, y = 0, z = 0, t = and w = respectively. Then 



(19. 



S3. 



Sy ~<[ 



s z 
s t 

Sw 



(«2 TT) 



(a 2 O TT) 



-K X ) 



-AK X ) 







M- 












—E 


-¥ 


7 










3 G 




~7° 






> 


4 G 







J Q («2 °Tr)*(-7K x )- 
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The base locus of the pencil | — K\y \ consists of the irreducible curves C and L such that the 
curve a 2 ° tt(C) is cut by the equations x = y = on the hypersurface X, the curve tt(L) is 
contained in the surface G, and the curve ir(L) is contained in the linear system |Cp(i, 3 t 4) (1) I • 

The equivalences 119.81 implies that the rational functions y/x, zy/x 4 , ty/x 5 and wy 3 /x 10 are 
contained in the linear system |oS x |, where a = 1, 4, 5 and 10 respectively. Therefore, the linear 
system | — 20-KTvH induces the birational map x' W ---> X' , where X' is a hypersurface with 
canonical singularities in P(l, 1, 4, 5, 10) of degree 20. In particular, the divisor — Kw is big. 

It follows from ^2] that there is a composition of antiflips £: W — - » Z such that the rational 
map C is regular outside of C U L, and the divisor divisor — Kz is nef. Let V be the proper 
transform of the linear system A4 on Z. Then the singularities of log pair (Z, \V) are terminal, 
because ( is a log-flop with respect to the log pair (W, \B), which has terminal singularities, but 
it follows from Lemma 12. II that the singularities of (Z, \V) are not terminal singularities. □ 

Hence, the set CS(f7" 2 , ^^2) consists of the points Pi and P4. 

Let 7r: W — > U2 be a composition of the weighted blow ups of the points Pi and P4 with 
weights (1, 1, 3) and (1, 1, 2) respectively, G and B be the proper transforms of G and M. on the 
variety W respectively, and F and E be exceptional divisors of the morphism it that dominates 
the points P\ and P4 respectively. Then the equivalence B ~q — kK\y holds by Theorem 12.21 
but it follows from the proof of Lemma 119.51 that the singularities of (W, ^B) are terminal. 

Let S x , S y , S z , St and S w be the proper transforms on the variety W of the surfaces that are 
cut on X by the equations x = 0, y = 0, z = 0, t = and w = respectively. Then 

1 „ 



S x ~(Q 


(a 2 7r)*(- 
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¥- 
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(a 2 °vr)*(- 
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->- 


¥- 
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(a 2 7r)*(- 


-AK X ) - 
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j (a 2 ovr)*(- 


-7K X ) 







-K w , 



4 
3 



-P, 



which imply that the rational functions y/x, zy/x 4 ", twy 4 /x 15 and wy 3 /x 10 are contained in the 
linear system laS^I, where a = 1, 4, 15 and 10 respectively. The linear system | —60Kw\ induces 
the birational map x : W —■* X' such that the variety X' is a hypersurface in P(l, 1,4, 10, 15) 
of degree 30. In particular, the divisor — K\y is big. Now we can obtain a contradiction in the 
same was as in the proof of Lemma 119.71 The claim of Proposition 119. ll is proved. 



20. Case n = 26, hypersurface of degree 15 in P(l, 1, 3, 5, 6). 



We use the notations and assumptions of Section Let n = 26. Then X is a sufficiently 
general hypersurface in P(l,l,3, 5,6) of degree 15, the equality — K\ = 1/6 holds, and the 
singularities of the hypersurface X consist of the points Pi and P 2 that are quotient singularities 
of type |(1, 1, 2), and the point P3 that is a quotient singularity of type 1, 5). 

There is a commutative diagram 



U 



W ■ 



X 



-Y 

n 

(1,1,3) 



where ijj is a projection, a is the weighted blow up of P3 with weights (1, 1, 5), (3 is the weighted 
blow up with weights (1,1,4) of the singular point of the variety U that is contained in the 
exceptional divisor of the morphism a, 7 is the weighted blow up with weights (1,1,3) of the 
singular point of the variety W that is contained in the exceptional divisor of the morphism (5, 
and 7] is an elliptic fibration. 
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There is a commutative diagram 




where is a projection, a% is the weighted blow up of the point Pj with weights (1, 1, 2), and Ui 
is an elliptic fibration, which is induced by the linear system | — 6i£j/J. 

It follows from 6 that the group Bir(X) is generated by biregular automorphisms of the 
hypersurface X and a birational involution r G Bir(X) such that ?/> o r = ip and £i ° t = £2- 

In the rest of the section we prove the following result. 

Proposition 20.1. Either there is a commutative diagram 

p 



(20.2) 



X-- 
i 

ijj I 
y 

(1,1,3) 



or there is a commutative diagram 
(20.3) 



X-- 
i 

V 

(1,1,6) 



where <j) and a are birational maps, and i = 1 or i = 2. 

It follows from Theorem EHtI and Lemma 1X11 that CS(X, \M) C {Pi,P 2 ,P 3 }. 
Lemma 20.4. Suppose that Pi £ CS(X, ^Ai). Then the commutative diaaram \2U.& exists. 



Proof. Let B be the proper transform of A4 on Ui. Then B 
implies the existence of the commutative diagram 120.31 



-kKjji by Theorem 12.21 which 

□ 



Therefore, we may assume that the set CS(X, \M) consists of the point P3. 

Let T> be the proper transform of the linear system M. on the variety U, and P4 be the singular 
point of U that is contained in the exceptional divisor of the morphism a. Then T> ~q —kKfj 
by Theorem 12.21 and the set CS(f7, \T>) consists of the point P4 by Lemmas 12.31 and 12.41 

Let TL be the proper transform of A4 on W. Then 7i ~q> — kK\y by Theorem l2.21 but it follows 
from Lemmas 12 . II and 12 . 31 that C8(W / , \7~t) contains the singular point of W that is contained in 
the exceptional divisor of (5. The existence of the diagram 120.21 follows from Theorem 12.21 

21. Case n = 27, hypersurface of degree 15 in P(l, 2, 3, 5, 5). 

We use the notations and assumptions of Sectional Let n = 27. Then X is a general hyper- 
surface in P(l,2,3, 5,5) of degree 15, whose singularities consist of the point O that is a singu- 
larity of type 2 (1, 1, 1), and the points Pi, P2 and P3 that are singularities of type |(1, 2, 3). 

There is a commutative diagram 




(1,2,3), 



8 r ) 



where if) is a projection, cti is the blow up of P, with weights (1,2,3), fyj is the weighted blow 
up with weights (1, 2, 3) of the proper transform of Pj on the variety U{, jij is the weighted blow 
up with weights (1,2,3) of the proper transform of Pk on Uij, and n is and elliptic fibration, 
where i ^ j and k {i,j}- 

Proposition 21.1. The claim of Theorem M.llA holds for n = 27. 

Let us prove Proposition 12 1 . ll It follows from Lemma 13. 141 and Proposition 13.71 that 

0^cs(x,^m) C {P 1 ,P 2 ,P 3 }. 

Remark 21.2. In the case CS(X, \M) = {P 1 ,P 2 ,P 3 }, the claim of Theorem 10711 holds for the 
hypersurface X by Theorem 12.21 

We may assume that the set CS(X, %M) contains Pi and does not contain P3. 

Lemma 21.3. The set CS(X, \M) contains the point P 2 . 

Proof. Suppose that CS(X, \M) does not contains the point P 2 . Then CS(X, pM) consists of 
the point Pi. Let T>\ be the proper transform of M on U\. Then Theorem 12.21 implies that the 
equivalence T>\ ~q —kKjj 1 holds. The set CS(Lq, \T>i) is not empty by Lemma l2~Tl 

Let G be is the exceptional divisor of a\, and O and Q are the singular points of G that are 
quotient singularities of types |(1,1,2) and |(1, 1,1) on U\ respectively. Then it follows from 
the claim of Lemma l2~3*l that CS(f7i, tDi) contains either the point O, or the point Q. 

The linear system | — 2Ku 1 | is a pencil, and the base locus of the pencil | — 2Kjj 1 | consists of 
the irreducible curve C such that the curve C passes through the point O, and C is contracted 
by the rational map tp o a\ to a singular point of the surface P(l, 2, 3). 

Suppose that the set CS(C/i,^Pi) contains the point O. Let tt: W — > U\ be the weighted 
blow up of O with weights (1,1,2), B be the proper transform of A4 on W, and C be the proper 
transform of C on W. Then B ~q —kKyy by Theorem 12.21 the linear system | — 2K\y\ is the 
proper transform of the pencil | — 2Kjj 1 \, and the base locus of | — 2Kw\ consists of G. 

Let S be a general surface in | — 2Ky/\. Then B\s ~q kC, but on the surface S, the strict 
inequality C 2 < holds. We have Supp(S") PI Supp(L>) = Supp(C), where D is a general surface 
of the linear system B, which is impossible by Lemma 12.81 

Hence, the set CE>(U\, \T>i) contains the point Q. 

Let C : U ~^ U\ be the weighted blow up of the point Q with weights (1,1,1), F be the 
exceptional divisor of £, TL be the proper transform of A4 on U, and V be the proper transform 
of the linear system | — 3Ku L \ on U. Then TL ~q —kKjj by Theorem 12.21 but 

and the base locus of V consists of the irreducible curve Z such that the curve at o Q{Z) is the 
unique base curve of the linear system | — 3Kx\- Therefore, we have 

(C(-3^,)-iF).Z = i, 

which implies that 

where Hi and H 2 are general surfaces of the linear system TL. □ 

We have CS{X, \M) = {Pi,P 2 }. Now we can apply the proof of Lemma 121.31 to the proper 
transform of Ai on Ui 2 to get a contradiction. The claim of Proposition 12 1 . ll is proved. 

22. Case n = 29, hypersurface of degree 16 in P(l, 1,2,5,8). 

We use the notations and assumptions of Section |31 Let n = 29. Then X is a sufficiently 
general hypersurface in F(l,l,2,5,8) of degree 16, the equality — K\ = 1/5 holds, and the 
singularities of the hypersurface X consist of the points 0\ and 2 that are quotient singularities 
of type |(1, 1, 1), and the point P that is a quotient singularity of type 5 (1, 2, 3). 
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The hypersurface X is birationally superrigid, and there is a commutative diagram 

W 



X 



(1,1,2) 



where ^ is the natural projection, a is the weighted blow up of P with weights (1, 2, 3), (3 is the 
weighted blow up with weights (1, 1, 2) of the singular point of the variety U that is a quotient 
singularity of type g(l, 1, 2), and rj is an elliptic fibration. 

Proposition 22.1. The claim of Theorem 1 1.1 (A holds for n = 29. 

Proof. Let T> be the proper transform of «M on the variety U. Then T> ~q —kK\j by Theorem l2.21 
because CS(X, £.M) = {P} by Theorem 1331 Lemma ETUI and Proposition l3~71 

Let G is the a-exceptional divisor, and Q and O be the singular points of G that are singu- 
larities of types |(1,1,2) and ^(1,1,1) respectively. Then it follows from Lemmas 12.11 and 12.31 
that either the set CS(U, \V) consists of the point O, or the set CS(U, \V) contains Q. 

Suppose that the set CS(U, tT>) contains the point O. Let ir: Y — ► U be the weighted blow 
up of O with weights (1, 1, 1), TL be the proper transform of M on Y, L be the curve on G that 
is contained in |Cp(i, 2, 3) (1) I , L De the proper transform of L on Y, and S be a general surface 
of the linear system | — Ky\. Then TL ~q —kKy by Theorem 12.21 and the base locus of the 
pencil I — Ky \ consists of the curve L and the irreducible curve A such that ao7r(A) is the base 
locus of the pencil | — Kx\- Moreover, the equalities 



-1. L 



1 



-4/3, A • L 

holds on the surface S. The intersection form of the curves A and L on the surface S is negatively 
defined. We have TL\s ~q kA + kL, which contradicts Lemmas 12.81 and l2.1()l 

Therefore, the set C§(£7, \T>) contains the point Q. Let B be the proper transform of the 
linear system A4 on the variety W. Then B ~q —kK\\r by Theorem 12.21 which implies that the 
linear system B is contained in the fibers of the morphism 77. □ 

23. Case n = 30, hypersurface of degree 16 in P(l,l,3, 4, 8). 

We use the notations and assumptions of Section 01 Let n = 30. Then X is a sufficiently 
general hypersurface in P(l, 1, 3, 4, 8) of degree 16, the equality — K x = 1/6 holds, and the 
singularities of X consist of the point O that is a quotient singularity of type 1, 2), and the 
points P\ and P2 that are singularities of type 1(1, 1,3). There is a commutative diagram 



P(l,l,3), 



where tp is the natural projection, a is the weighted blow up of Pi with weights (1, 1, 3), (3 is the 
weighted blow up of P2 with weights (1, 1, 3), 7 is the weighted blow up with weights (1, 1, 3) of 
the proper transform of P2 on U, 5 is the weighted blow up with weights (1, 1,3) of the proper 
transform of the point Pi on the variety W, and r\ is and elliptic fibration. 
There is a commutative diagram 





1,1,4), 



where £ is a projection, £ is the blow up of O with weights (1, 1, 2), and uj is an elliptic fibration. 
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Proposition 23.1. Either there is a commutative diagram 



(23.2) 



X 
i 

tp I 

Y 



P(l,l,3) ----- ^P 2 , 



or there is a commutative diagram 



(23.3) 



X 



P(i,M) 



^x 



where cp, 6 and a are birational maps. 

Proof. Suppose that O £ CS(X, v-M). Then the existence of the commutative diagram 123.31 
follows from Theorem 12.21 Similarly, the existence of the commutative diagram 123.21 follows 
from CSpT, \M) = {Pi,P 2 } by Theorem l2~2l We may assume that C§(X, \M) consists of the 
singular point Pi by Theorem 13.51 Proposition 13.71 and Lemma 13.141 

Let Q be the singular point of U such that a(Q) = Pi, and B be the proper transform of the 
linear system M. on U. Then Q 6 CS(J7, xB) by Theorem 12.21 and Lemmas 12 . 1 1 and 12 . 31 

Let v : U — > U be the weighted blow up of the point Q with weights (1, 1,2), T> be the proper 
transform of the linear system A4 on the variety U, and S be a sufficiently general surface of 
the pencil | — Kq\. Then T> ~q —kKy by Theorem 12 .2\ the surface S is normal, and the base 
locus of the pencil | — Kq\ consists of the irreducible curve A such that a o v (A) is the unique 
base curve of the pencil | — Kx\- Moreover, the inequality A 2 < holds on the surface S, but 
the equivalence T>\$ ~q kA holds, which contradicts Lemmas 12.101 and 12.81 □ 



24. Case n = 31, hypersurface of degree 16 in P(l, 1,4, 5,6). 

We use the notations and assumptions of Section 12 Let n = 31. Then X is a general hyper- 
surface in P(l,l,2,3,4) of degree 10 and -K\ = 2/15. The singularities of X consist of the 
points Pi, P2 and P3 that are singularities of type ^(1, 1, 1), |(1, 1, 4) and g(l, 1, 5) respectively. 

There is a commutative diagram 



U 2 




X 



where ip is a projection, 02 is the weighted blow up of P2 with weights (1,1,4), 03 is the weighted 
blow up of P3 with weights (1, 1, 5), is the weighted blow up with weights (1,1,5) of the proper 
transform of P3 on U2, P2 is the weighted blow up with weights (1, 1,4) of the proper transform 
of the point P2 on the variety U3, 04 is the weighted blow up with weights (1,1,4) of the singular 
point of the variety U3 that is contained in the exceptional divisor of the morphism a%, 72 is the 
weighted blow up with weights (1, 1,4) of the proper transform of P2 on C/34, 74 is the weighted 
blow up with weights (1,1,4) of the singular point of the variety U23 that is contained in the 
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exceptional divisor of 03, and n is an elliptic fibration. There is a commutative diagram 



U 2 ■* W 



X ■- -P(l,l,5), 

where £ is a projection, (3 is the weighted blow up with weights (1, 1,3) of the singular point of 
the variety U2 that is a quotient singularity of type |(1, 1, 3), and u> is an elliptic fibration. 

Proposition 24.1. Either there is a commutative diagram 

(24.2) X P > V 

1 

ip 1 

P(l,l,4)-- --->■ 



or there is a commutative diagram 

(24.3) X 9 ^X P - - 

1 

P(l,l,5) 



V 

3 



where (j), and a are birational maps. 

Now we prove Proposition 124.11 which implies the claim of Theorem II. 101 for n = 31. It 
follows from Theorem 13.51 Lemma 13.141 and Proposition 13.71 that 

0?cs(x,±m) C {P 2 ,P 3 }. 

Let T>2, V3, V23 and P34 be the proper transforms of M. on U2, U3, U23 and U34 respectively, 
then it follows from Lemma 12. II that the set CS(C/ M , rf^) is not empty, if T>^ ~q —kKu . 

Lemma 24.4. Suppose that the set CS(X, r«M) contains the point P3. Let P 2 be the proper 
transform of the point P2 on the variety U3, and P4 be the singular point of U3 that is contained 
in the exceptional divisor o/a 3 . Then T> 3 ~q —kKjj 3 and CS(U^, T.V3) C {P2,Pi}. 

Proof. The equivalence V3 ~q —kKjj 3 follows from Theorem 12.21 Suppose that 

CS(u 3 ,yV 3 ) 2 {^2,P 4 }, 



fc 

and let G be the exceptional divisor of 03. Then G = P(l, 1, 5), and it follows from Lemma 12.31 
that there is a curve C C G of the linear system |Op(i ) i ) 5)(l)| that is contained in CS(Us, ^^3), 
which is impossible by Lemma 12.41 □ 

Lemma 24.5. Let P3 be the proper transform 0/P3 on 1/2- Suppose that CS(X, ^A4) contains 
the point P 2 . Then either CS(U 2 , = {-P3}; or ^ e commutative diagram \24-^\ exists. 

Proof. The equivalence T>2 ~q —kKu 2 is implied by Theorem 12.21 Suppose that the set of 
centers of canonical singularities C§([/2, if 2) does not consists of the point P3. Let P5 be the 
singular point of U% that is contained in the exceptional divisor of cvi- Then P5 is a quotient 
singularity of type |(1, 1, 3) on C/2, and C§(£/2, if 2) contains P5 by Lemma l2~3*l 

Let B be the proper transform of A4 on the variety W. Then B ~q — kKyy by Theorem 12. 2( 
which implies the existence of the commutative diagram 124.31 □ 

It follows from Theorem 12.21 that we may assume that either the equivalence D23 ~q —kKjj 23 
holds, or the equivalence D34 ~q —kKu 34 holds. Let V be the proper transform of M. on Y. 

Lemma 24.6. Suppose that V23 ~q —kKu 23 . Then V ~q —kKy. 
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Proof. Let F be the exceptional divisor of 02, G be the exceptional divisor of (3%, P4 be the 
singular point of G, and P5 be the singular point of F. Then the proof of Lemma 124.51 implies 
that C8(C/23, ^^23) does not contain the point P5. Hence, it follows from Lemmas 12.31 and 12,11 
that the set CS(£/23, £^23) contains P4, which implies T> ~q —kKy by Theorem 12.21 □ 

Lemma 24.7. Suppose that P34 ~q —kKu 3i . Then T> —kKy. 

Proof. Let G be the exceptional divisor of the morphism (3$, P2 be the proper transform of the 
point P2 on the variety t/34, and Pq be the singular point of the surface G. Then G is a cone 
over the smooth rational cubic curve, and Pq is a quotient singularity of type 1, 2) on U34. 

The set CS(C/23, ^^23) is not empty by Lemma l2~Tl but the equivalence Z? ~q —kKy follows 
from Theorem 12.21 if the set C§([/23, \T> 23) contains the point iV Therefore, we may assume 
that the set C§(£/23, ^^23) contains the point Pq by Lemma 12.31 

Let 7r: W — > U34 be the weighted blow up of the point Pq with weights (1, 1,3), B be the 
proper transform of the linear system A4 on the variety W, and S be a sufficiently general surface 
of the pencil | — K\y\. Then the base locus of the pencil | — K\y | consists of the irreducible the 
curve A such that the equivalence B\s ~q kA holds, and the inequality A 2 < holds on the 
surface S. It follows from Lemma 12. 101 that B\s = kA, which is impossible by Lemma 12.81 □ 

Hence, the equivalence T> ~q —kKy holds, which implies the existence of the diagram 124.21 



25. Case n = 32, hypersurface of degree 16 in P(l,2,3,4, 7). 



We use the notations and assumptions of Section |3I Let n = 32. Then X is a sufficiently 
general hypersurface in P(l,2,3, 4, 6) of degree 16, the equality — K\ = 2/21 holds, and the 
singularities of the hypersurface X consist of the points P\, P2, P3 and P4 that are quotient 
singularities of type |(1, 1, 1), the point P5 that is a quotient singularity of type |(1, 1, 2), and 
the point Pq that is a singularity of type =(1, 3, 4). There is a commutative diagram 



U 



Y 



X -vP(l,2,3), 



where -0 is a projection, a is the weighted blow up of Pq with weights (1, 3, 4), (3 is the weighted 
blow up with weights (1,1,3) of the singular point of the variety U that is a quotient singularity 
of type |(1, 1,3) contained in the exceptional divisor of a, and r\ is an elliptic fibration. 

Proposition 25.1. The claim of Theorem \1.11A holds f< 



or n 



32. 



In the rest of the section we prove Proposition 125. ll It follows from Theorem l3.5( Lemma 13.141 
and Proposition O that CS(X, \M) = {Pq}. 

Let E be the exceptional divisor of the morphism a, and T> be the proper transform of the 
linear system Ai on the variety U. Then E = P(l,3,4), and it follows from Theorem 12.21 that 
the equivalence V ~q —kKjj holds, but the set CS(C7, \ V) is not empty by Lemma I2~T1 

Let P7 and P$ be the singular points of the variety U contained in the divisor E that are 
singularities of types |(1,1,2) and |(1, 1,3) respecitvely. 

Lemma 25.2. Suppose that P s G CS(X, \M). Then there is a commutative diagram 



(25.3) 



X 
1 

ip 1 
v 



P(l,2,3)------P 2 , 



where ( is a birational map. 
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Proof. Let Tt be the proper transform of the linear system Ai on the variety Y. Then it follows 
from Theorem 12.21 that the equivalence 7i ~q —kKy holds. Hence, the linear system Tt lies in 
the fibers of the fibration 77, which implies the existence of the commutative diagram 125.31 □ 

We may assume that CS(Z7, \V) = {P 7 } by Lemma l2~31 

Let 7: W — > U be the weighted blow up of the point P 7 with weights (1,1,2), F be the 
exceptional divisor of the morphism 7, E be the proper transform of the surface E on the 
variety W, and B be the proper transform of M. on W . Then F = P(l, 1, 2) and B ~q — kKyy. 

The hypersurface X can be given by the quasihomogeneous equation 

w 2 y + wfg(x, y, z, t) + f 16 (x, y, z, t) = C P(l, 2, 3, 4, 7) Proj (c[x, y, z, t, w) 

where wt(x) = 1, wt(y) = 2, wt(z) = 3, wt(i) = 4, wt(to) = 7, and /9 and /i6 are quasihomo- 
geneous polynomials of degree 9 and 16 respectively. Let S be the unique surface of the linear 
system | — Kx\, and D be a general surface of the pencil | — 2Kx |< Then the surface S is cut 
out by x = 0, and D is cut out by Xx 2 + (j,y = 0, where (A,/i) G P . The surface -D is normal, 
and the base locus of the linear system | — 2Kx | consists of the curve C such that C = D ■ S. 

In the neighborhood of the point P§, the monomials x, z and t can be considered as a weighted 
local coordinates on X such that wt(cc) = 1, wt(z) = 3 and wt(z) = 4. Then in the neighborhood 
of the singular point P$, the surface D can be given by equation 

Xx 2 + fi(eix 9 + e 2 zx 6 + e 3 z 2 x 3 + e 4 z 3 + e 5 t 2 x + e e tx 5 + e 7 tzx 2 H ) =0, 

where e« € C. In the neighborhood of P7, the morphism a can be given by the equations 

1 3 _ 4 

x = xz7, z = 5 7 , t = tzi , 

where re, y and 5 are weighted local coordinates on the variety U in the neighborhood of the 
singular point Pj such that wt(x) = 1, wt(z) = 2 and wt(i) = 1. Let D, S and C be the proper 
transforms on U of the surface D, the surface S and the curve C respectively, and E be the 
exceptional divisor of the morphism a. Then in the neighborhood of the singular point P 7 the 
surface E is given by the equation z = 0, the surface D is given by the vanishing of the function 

Ax +/i(exx 5 + 6255 + e^zx + e^z + e^t xz + e^tx z + e 7 tzx +■ 

and the surface S is given by the equation x = 0. 

In the neighborhood of the singular point of F, the morphism (5 can be given by the equations 

_1 _2 ~ 

x = x2;3, z = zs, t = tzs, 

where x, z and i are weighted local coordinates on the variety W in the neighborhood of the 
singular point of the surface F such that wt(x) = wt(z) = wt(t) = 1. The surface F is given 
by the equation z = 0, the proper transform of the surface D on the variety W is given by the 
vanishing of the analytical function 

Xx 2 + n(eix 9 z 3 + e 2 z 2 x 6 + e 3 zx 3 + e 4 + e^Pxz + e%tx^z 2 + e 7 tzx 2 + 

the proper transform of the surface S on the variety W is given by the equation x = 0, and the 
proper transform of the surface E of the variety W is given by the equation z = 0. 

Let V, D, S and (7 be the proper transforms on the variety W of the pencil | — 2Kx\, the 
surface D, the surface S and the curve C respectively, and H be the proper transform on the 
variety W of the surface that is cut on X by the equation y = 0. Then the surface D is a general 
surface of the pencil V . Moreover, we have 

' ' E~q 7*(£)-|f, 



(25.4) 



2 2 2 f\ 

D ~q (a o 7 )*(-2ifx) - y7*(£) - 3^ ~Q (a o 7 )*(-2^x) - - -F, 

S~ Q (ao 7 y(-K x ) - \l\E) - If ~ q (a o 7 )*(-^x) - ^ - |f, 

H ~ Q 7 *(a*(-2K x ) - ^ Q ( a 7 )*(-2if x ) - ^F - ~ Q 25 - E. 
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The curve C is contained in the base locus of the pencil V, but the curve C is not the only 
curve in the base locus of the pencil V . Namely, let L be the curve on the surface E that is 
contained in the linear system |Op(i,3 J 4)(l)|, which means that L is the curve given locally by the 
equations x = z = 0, and L be the proper transform of L on W. Then the curve L is contained 
in the base locus of the pencil V as well. Moreover, it follows from the local computations that 
the base locus of the pencil V does not contain curves outside of the union of C U L. 

The curve C is the intersection of the divisors S and H, and the curve L is the intersections 
of the divisors S and E. Moreover, we have 2C = D ■ H, C + L = S ■ D and 2L = D ■ E. 

The curves C and L can be considered as divisors on the normal surface D. Then it follows 
from the equivalences 125.41 that 



(25.5) 



LL 



CC 



CL 



E-E-D 



H 



4_ 
■ H 



D 



H 



4 
E 



D 



SS-D 
S-E-D 



S-E-D- 
E-E-D 



3 -E 
2 



E-D = 



7_ 

24' 



4 2 4 8' 

which implies that the intersection forms of C and L on D is negatively definite. 
Let G be a sufficiently general surface of the linear system B. Then 

G\d ~q -kK w \f) ~q kS\f, ~q kC + kL, 

which is impossible by Lemmas 12.81 and 12.101 



26. Case n = 36, hypersurface of degree 18 in P(l, 1,4,6,7). 

We use the notations and assumptions of Section |31 Let n = 36. Then X is a sufficiently 
general hypersurface in P(l,l,4, 6,7) of degree 18, the equality — K\ = 3/28 holds, and the 
singularities of X consist of the point Pi that is a quotient singularity of type ^(1,1,1), the 
point -P2 that is a quotient singularity of type |(1, 1,3), and the point P3 that is a quotient 
singularity of type =(1, 1,6). There is a commutative diagram 




1,1,4) 



where tf> is a projection, 03 is the weighted blow up of P3 with weights (1, 1, 7), (3^ is the weighted 
blow up with weights (1,1,6) of the singular point of the variety U3 that is contained in the 
exceptional divisor of the morphism 03, 75 is the weighted blow up with weights (1, 1,4) of the 
singular point of the variety ^34 that is contained in the exceptional divisor of the birational 
morphism /?4, and 77 is an elliptic fibration. 

Remark 26.1. The divisors and — Ku 34 are nef and big. 

There is a commutative diagram 



1,1,6), 



X" 

where £ is a projection, ai is the blow up of the P2 with weights (1, 1, 3), 03 is the weighted blow 
up of P3 with weights (1,1,6), is the weighted blow up with weights (1,1,3) of the proper 
transform of Pi on U3, (3% is the weighted blow up with weights (1, 1, 6) of the proper transform 
of the point P3 on U2, and to is an elliptic fibration. 
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Remark 26.2. The divisor —Kjj 2 is nef and big. 



In the rest of the section we prove the following result. 
Proposition 26.3. Either there is a commutative diagram 

(26.4) X C ^X P - - >V 

I 

ip I V 
y 

P(l,l,4) 

<P 

or there is a commutative diagram 

(26.5) X P 

I 

* I 

P(l,l,6)----- 



V 

2 



where £, <j) and a are birational maps. 

It follows from Theorem 13 .5( Proposition 13. 71 and Lemma 13. 141 that 

0^C§(x,iM) C {P 2 ,P 3 }, 

and the existence of the commutative diagram l5Q is obvious, if CS(X, \M) = {P 2 , P?,}- 
Lemma 26.6. The set CS(X, t-M.) contains point P3. 

Proof. Suppose that P 3 g CS(X, \M). Then CS(X, \M) = {P 2 }. Let V 2 be the proper 
transform of A4 on U 2 , and Pq be the singular point of U 2 that is contained in the exceptional 
divisor of a 2 . Then V 2 ~q —kKu 2 by Theorem I2.2[ the point P% is a quotient singularity of 
type |(1) 1,2) on U 2 , and it follows from Lemmas 12 . 1 1 and |2 . 31 that Pq G CS(£/2, ^^2)- 

Let 7r: Z — > f 2 be the weighted blow up of Pq with weights (1,1,3), and B be the proper 
transform of A4 on Z, and S be a general surface of | — Kz\- Then S is normal, and the base 
locus of the I — Kz\ consists of the irreducible curve A such that B\s ~q kA. 

The equality A 2 = 1/7 holds on the surface S, which contradicts Lemmas 12 . 81 and 12. 101 □ 



To conclude the proof of the Proposition 126.31 we may assume that CS(X, ^M) = {Ps}- 
Let TJ3 be the proper transform of Ad on U3, and P4 be the singular point of ^3 that is 
contained in the exceptional divisor of the 03. Then D3 ~q —kKjj 3 , and P4 is a quotient 
singularity of type g(l, 1, 5) on U3 that is contained in C§(Us, \T^z) by Lemmas 12 . 1 1 and 12.31 

Lemma 26.7. The set CS(C/ 3 , \T>z) consists of the point P4. 

Proof. Suppose that the set C§(£/3, ^^3) contains a subvariety C of the variety U% that is 

different from the point P4. Let G be the exceptional divisor of (3^. Then C is a curve that is 

contained in G by Lemma 12.31 which is impossible by Lemma 12.41 □ 



Hence, the set C§(£/3, ^^3) consists of the point P4. Let D34 be the proper transform of the 
linear system M. on the variety C/34, and P5 be the singular point of the variety t/34 that is 
contained in exceptional divisor of the morphism fy. Then P34 ~q —kKjj 34 by Theorem 12.21 
the point P5 is a quotient singularity of type |(1, 1,4) on C/34, but CS(C/34, ^^34) contains the 
point P5 by Lemmas 12.11 and 12.31 It follows from Theorem 12.21 that the proper transform of 
the linear system A4 on Y is contained in fibers of the elliptic fibration 77, which implies the 
existence of the commutative diagram 126.41 The claim of Proposition 126.31 is proved. 
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27. Case n = 38, hypersurface of degree 18 in P(l,2, 3,5, 8). 



We use the notations and assumptions of Section |31 Let n = 38. Then X is a hypersurface of 
degree 18 in P(l, 2, 3, 5, 8), the singularities of X consist of the points P\ and P2 that are quotient 
singularities of type |(1, 1, 1), the point P3 that is a quotient singularity of type 2, 3), and 
the point P4 that is a quotient singularity of type |(1, 3, 5), and the equality — K\ = 3/40 holds. 

There is a commutative diagram 




X 



where if) is a projection, 03 is the weighted blow up of P3 with weights (1, 2, 3), 04 is the weighted 
blow up of P4 with weights (1, 3, 5), /3 4 is the weighted blow up with weights (1, 3, 5) of the proper 
transform of P4 on U3, (3% is the weighted blow up with weights (1, 2, 3) of the proper transform 
of the point P3 on U4, (3$ is the weighted blow up with weights (1, 2, 3) of the singular point of 
the variety XJ4 that is a quotient singularity of type |(1, 2, 3) contained in the exceptional divisor 
of the morphism 04, 73 is the weighted blow up with weights (1, 2, 3) of the proper transform of 
the point P3 on the C/45, 75 is the weighted blow up with weights (1,2,3) of the singular point 
of the variety t/34 that is a quotient singularity of type g(l, 2, 3) contained in the exceptional 
divisor of the morphism /?4, and 77 is an elliptic fibration. 

Proposition 27.1. The claim of Theorem M.llA holds for n = 38. 

Proof. It follows from Theorem I3.5| Lemma 13. 141 and Proposition 13.71 that 

0?c§(x,±m) c {p 3 ,p 4 }, 

but the proof of Proposition 12 1 . II implies that P4 € CS(X, 

Let V4 be the proper transform of the linear system Ad on the variety U4, P3 be the proper 
transform of the point P3 on U4, and P5 and Pq be the singular points of the variety U4 that 
are quotient singularities of types g(l, 2, 3) and |(1, 1, 2) contained in exceptional divisor of the 
morphism 04 respectively. Then the arguments of the proof of Proposition I25.l1 imply that 

cs(t/ 4 , ip 4 ) n{p 3 ,P 5 } ^0. 

Suppose that P3 £ C§>(U4, ^^5)- Then the proofs of Propositions 121. 11 and |2*5~T1 implies that 
the set C§([/4, ^^5) contains the singular point P5. Therefore, the claim of Theorem 12 . 21 implies 
that the claim of Theorem II. 101 holds for the hypersurface X. 

We may assume that the set C§(£/4, \T> 5) contains the point P5. 

Let D45 be the proper transform of M. on C/45, and P7 and Ps be the singular points of 
the variety ^45 that are quotient singularities of types |(1, 1, 1) and |(1, 1,2) contained in the 
exceptional divisor of respectively. Then if follows from Lemma l2.1l that C8([/45, ^T> 45) 7^ 0, 
and Theorem 12.21 implies that the claim of Theorem II. 101 holds for the hypersurface X in the 
case when the set CS(t745, ^^45) contains the proper transform of the point P3 on ^45. 

Therefore, it follows from Lemma 12.31 that to conclude the proof of Proposition 127. ll we may 
assume that the set C8(C/45, ^^45) contains either the point P7, or the point Pg. 

Suppose that P7 £ C§([/45, ^^45). Then considering the proper transform of the complete 
linear system | — 3Kx\ on the weighted blow up of the point P7 with weights (1, 1, 1), we easily 
obtain a contradiction as in the proof of Lemma 121.31 

Thus, the set C§([/45, ^^45) contains the point Pg. 
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Let 7r: W —* t/45 be the weighted blow up of Ps, B be the proper transform of M. on the 
variety W, and .D be a general surface in | — 2K\y\. Then B ~q — kK\y by Theorem 12.21 the 
surface D is normal, the pencil | — 2Ky/\ is the proper transform of the pencil | — 2Kx\, and the 
base locus of the pencil [ — 2Kyy\ consists of the curves C and L such that 04 o /3 5 o 7r(C) is the 
unique base curve of the pencil | — 2Kx |, and the curve (3$ o ir(L) is contained in the exceptional 
divisor of the morphism 04. 

The the intersection form of the curves C and L on the surface D is negatively definite, but 
the equivalence B\n ~q kC + kL holds, which is impossible by Lemmas 12,101 and 12.81 □ 



28. Case n = 40, hypersurface of degree 19 in P(l, 3, 4, 5, 7). 

We use the notations and assumptions of Section G3 Let n = 40. Then X is a sufficiently 
general hypersurface in P(l, 3, 4, 5, 7) of degree 19, the singularities of the hypersurface X consist 
of the point P\ that is a quotient singularity of type |(1, 1,2), the point P2 that is a quotient 
singularity of type |(1, 1,3), the point P3 that is a quotient singularity of type |(1,2,3), and 
the point P4 that is a quotient singularity of type ^(1,3,4), and — K\ = 19/420. 

There is a commutative diagram 



P(l,3,4), 



where ip is the natural projection, 03 is the weighted blow up of the singular point P3 with 
weights (1, 2, 3), «4 is the weighted blow up of P4 with weights (1, 3, 4), f3^ is the weighted blow 
up with weights (1,2,3) of the proper transform of P3 on U4, (3^ is the weighted blow up with 
weights (1,3,4) of the proper transform of P4 on U3, and r] is an elliptic fibration. 
In the rest of the section we prove the following result. 




Proposition 28.1. The claim of Theorem 1 1.1 (A holds for n = 40. 
It follows from Theorem 13.51 Lemma 13. 141 and Proposition 13.71 that 

0^cs(x,^mJ c {p 3 ,p 4 }. 

Let P3 and P4 be the proper transforms of the linear system A4 on ^3 and U4 respectively. 



Lemma 28.2. Suppose that CS(X, \M) = {P 3 ,P 4 }. Then there is a commutative diagram 

(28.3) X P >■ V 

1 

V> 1 

Y 

P(l,3,4)-- 



where Q is a birational map. 

Proof. Let Tt be the proper transform of the linear system Ai on the variety Y. Then it follows 
from Theorem l2.2l that the equivalence 7i ~q —kKy holds, which implies that 7i lies in the fibers 
of the elliptic fibration 77, which implies the existence of the commutative diagram 128.31 □ 

Let P5 and Pq be the singular points of the variety C/3 that are contained in the exceptional 
divisor of 03 such that P5 and Pq are quotient singularities of types |(1, 1, 1) and g (1,1,2) 
respectively, and P7 and Pg are the singular points of the variety U4 that are quotient singu- 
larities of types 4(1, 1, 2) and |(1, 1, 3) contained in the exceptional divisor of the morphism 
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respectively. Then it follows from Theorem 12 . 21 and Lemmas 12 . 1 1 and Lemma 12.31 that 

' p 4 g cs(x, ±m) cs(u 3 , i© 3 ) n {p 5 ,p 6 } + 0, 
^ p 3 £ cs(x, ^m) => cs(V 4 , n {p 7 , p 8 } + 0. 

Lemma 28.4. Suppose that P 4 CS(X, ±.M). Then P 5 £ C8(U 3 , £X> 3 ). 

Proof. Suppose that the set CS(Us, \F> 3 ) contains the point P5. Let 7 : TV — > C/3 be the weighted 
blow up of P5 with weights (1, 1,1), -F be the exceptional divisor of 7, T> be the proper transform 
of the linear system M. on the variety W, TL be the proper transform of the pencil | — 3Xx| on 
the variety W, D be a sufficiently general surface of the linear system T>, and H be a sufficiently 
general surface of the pencil TL. Then we have the equivalence 

H ~q (a 3 o jTi-SKx) - ^ 7 *(E) - If, 

where E is the exceptional divisor of the morphism 03. The base locus of the pencil TL consists 
of the curve C such that a 3 07(C) is the unique base curve of the pencil | — 3Kx\- On the other 
hand, it follows from Theorem 12.21 that D ~q —kKy\r. 

The equivalence D\g ~q kC and the inequality C 2 < hold on the surface H. It follows 
from Lemma 12.101 that the support of H ■ D consists of C, which contradicts Lemma 12.81 □ 

Lemma 28.5. Suppose that P A £ CS(X, \M). Then P 6 £ C8(U 3 , \V Z ). 

Proof. Suppose that Pq E CS(U 3 , \D 3 ). Let 7: W — > U3 be the weighted blow up of P§ with 
weights (1, 1, 2), F and G be the exceptional divisors of a 3 and 7 respectively, B and T> be the 
proper transforms of A4 and | — 7Kx \ on the variety W respectively, and D be a general surface 
of the linear system T>. Then it follows from Theorem 12.21 that B ~q — kKw, but the base locus 
of the linear system T> does not contain curves. Moreover, we have 

£>~Q (a 3 o 7 y(-7K x ) 
the divisor D is nef, but the explicit calculations imply that 

D-B 1 -B 2 = ((03 o 7 )*( - 7K X ) ~\f-G) ((03 o 7)* ( - kK x ) - -^cf = -^k 2 , 
where B\ and E>2 are general surfaces in B, which is a contradiction. □ 
Lemma 28.6. Suppose that P 3 CS(X, \M). Then P 7 g CS(L7 4 , |X> 4 ). 

Proof. Suppose that the set CS(J7 4 , \F > ±) contains the point F?. Let 7 : W — > f/ 4 be the weighted 
blow up of Pf with weights (1, 1,2), F be the exceptional divisor of 7, T> be the proper transform 
of the linear system M. on W, TL be the proper transform of | — 4i£x| on W, D be a general 
surface of the linear system V, and H be a general surface of the linear system TL. Then 

5 ~q (a 3 o 7 )*(-4K x ) - ^J*(E) - If, 

and the base locus of TL consists of the curve C such that 03 o 7(C) is the base curve of the 
linear system | — 4Kx\- It follows from Theorem 12.21 that the equivalence D ~q —kK\y holds. 

The equality C 2 = —1/30 holds on the normal surface H, which implies that the support of 
the cycle H ■ D consists of C, because D\f[ ~q kC, which contradicts Lemma 12.81 □ 

Lemma 28.7. Suppose that P 3 £ C8(X, \M). Then P s & C8(U 4 , \V A ). 

Proof. Suppose that the set CS(?7 4 , \F>a) contains the point Pg. Let 7 : W — > U4 be the weighted 
blow up of Pg with weights (1,1,3), T> be the proper transform of A4 on W, H be a general 
surface of the pencil | — 3ETpi/|, and D be a general surface in T>. Then D ~q — kKw, but the 
base locus of the pencil [ — 3i^vv| consists of the irreducible curve C such that q 4 o 7(C) is the 
base curve of | —3Kx\- Moreover, the equality C 2 = —1/20 holds on H, but D\fj ~q kC, which 
implies that the support of H ■ D consists of C, which is impossible by Lemma 12.81 □ 

The claim Proposition 128. ll is proved. 
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29. Case n = 43, hypersurface of degree 20 in P(l, 2,4,5,9). 

We use the notations and assumptions of Section |21 Let n = 43. Then X is a sufficiently 
general hypersurface in P(l,2,4, 5,9) of degree 20, the equality — K x = 1/18 holds, and the 
singularities of the hypersurface X consist of the points Pi, P2, P3, Pi and P5 that are quotient 
singularities of type ^(1, 1, 1), and the point Pq that is a quotient singularity of type |(1,4, 5). 

Proposition 29.1. The claim of Theorem 1 1.1 (A holds for n = 43. 

In the rest of the section we prove Proposition [223 It follows from Theorem 13. 5| Lemma 13.141 
and Proposition O that CS(X, \M) = {Pq}. There is a commutative diagram 



X -vP(l,2,4), 

where ip is a projection, a is the weighted blow up of Pq with weights (1,4, 5), (5 is the weighted 
blow up with weights (1, 1,4) of the singular point of the variety U that is a quotient singularity 
of type |(1, 1,4) contained in the exceptional divisor of a, and r\ is an elliptic fibration. 

Let T> be the proper transform of the linear system Ai on the variety U, and P7 and P$ be 
the singular points of U that are quotient singularities of types |(1, 1, 3) and ^(1,1,4) contained 
in the exceptional divisor of a respectively. Then T> ~q —kKu by Theorem 12.21 

We must show that the proper transform of the linear system Ai on the variety Y is contained 
in the fibers of the 77, which is implied by Theorem 12.21 if Pg 6 CS(J7, \T>). Thus, to conclude 
the proof of Proposition 129.11 we may assume that P 8 <£C&(U,\V). 

Remark 29.2. The set CS(U, ^T>) contains P7 by Lemma 12.31 because —Kjj is nef and big. 

Let 7: W —>■ U be the weighted blow up of the singular point Pj with weights (1, 1, 3), B be 
the proper transform of the linear system Ai on the variety W, and Pg be the singular point of 
the variety W that is a quotient singularity of type |(1, 1, 2) contained in the exceptional divisor 
of the morphism 7. Then the equivalence B ~q — kK\y holds by Theorem 12.21 

Lemma 29.3. The set C8(W, ^B) does not contains the point Pg. 

Proof. Suppose that the set CS(M / , -j-B) contains the point Pg. Let 7r: Z — > W be the weighted 
blow up of the singular point Pg with weights (1, 1, 2), Ti be the proper transform of the linear 
system A4 on the variety Z, and V be the proper transform of the linear system | — 5Kx \ on the 
variety Z. Then Ti. ~q —kKz by Theorem 12 .21 but the base locus of V consists of the irreducible 
curve r such that 0070 7r(r) is the base curve in of | — 5Kx\- 

Let Hi and H2 be general surfaces of the linear system Ti, and D be general surface of the 
linear system V. Then D ■ V = 1 and D 3 = 6. Therefore, the divisor D is nef and big, but the 
elementary computations imply that D ■ Hi ■ H2 = 0, which is impossible by Corollary 12.71 □ 

Therefore, the claim of Lemma 12.31 implies the following corollary. 

Corollary 29.4. The singularities of the log pair (W, \B) are terminal. 

The hypersurface X can be given by the quasihomogeneous equation of degree 20 

w 2 y + wf n (x, y, z, t) + / 20 (x, y, z, t) = C P(l, 2, 4, 5, 9) ^ Proj (c[x, y, z, t, «;]) , 

where wt(x) = 1, wt(y) = 2, wt(z) = 4, wt(i) = 5, wt(u>) = 9, and fi(x,y, z,t) is a quasihomo- 
geneous polynomial of degree i. Let D be a general surface in | — 2Kx\, and S be a surface that 
is cut on the hypersurface X by the equation x = 0. Then D is cut on X by the quasihomoge- 
neous equation Xx 2 + \iy = 0, where (A,//) E P , and the base locus of | — 2Kx \ consists of the 
irreducible curve C that is cut on the hypersurface X by the equations x = y = 0. 

In the neighborhood of the point Pq, the monomials x, z and t can be considered as weighted 
local coordinates on X such that wt(x) = 1, wt(z) = 4 and wt(i) = 5. Then in the neighborhood 
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of the singular point Pj, the weighted blow up a is given by the equations 



I 1 ~ 5 

X = XZ9, Z=Z9, t = tZ9, 

where x, z and t are weighted local coordinated on the variety U in the neighborhood of the 
singular point Pj such that wt(x) = 1, wt(z) = 3 and wt(t) = 1. 

Let E be the exceptional divisor of the morphism a, and D, S and C be the proper transforms 
on the variety U of the surface D, the surface S and the curve C respectively. Then E is given 
by the equation z = 0, and the surface S is given by the equation x, = 0. Moreover, it follows 
from the local equation of the surface D that D ■ S = C + 2Li, where L\ is the curve that is 
locally given by the equations z = x = 0. Moreover, the surface D is not normal in a general 
point of the curve L\. Nevertheless, we have the equivalences 

2 

D ~q 2S ~qo*(- 2K x ) - -E. 

y 

In the neighborhood of the point Pg the morphism 7 is given by the equations 

X = XZi, Z = Z4, t = tz*, 

where x, z and t are weighted local coordinates on the variety W in the neighborhood of the 
point Pg such that wt(x) = 1, wt(z) =2 and wt(t) = 1. In particular, the exceptional divisor of 
the morphism 7 is given by the equation z = 0, and the proper transform of the surface S" on 
the variety W is given by the equation x, = 0. 

Let -F be the exceptional divisor of the morphism 7, and D, S, E, C and L\ be the proper 
transforms on the variety W of the surface D, the surface S, the surface E, the curve C and the 
curve L\ respectively. Then we the equivalence 

S ~q -K w ~q (a o 7 )*( - K x ) - \l*{E) - -F, 

y 4 



(29.5) 



D ~ Q -2K W ~ Q (a o 7)* ( - 2K X ) - ^ 7 *(£) - ^F, 



Let L2 be the curve on the variety W that is given by the equation z = x = 0. Then 
D ■ S = C + 2Li + L 2 , D-E = 2L 1 , D-F = 2L 2 , 
but the base locus of | — 2Kyy \ consists of the curves C, L\ and The equivalences 129.51 imply 

D C = 0, D L x = -\, B-L 2 = \. 

5 3 

Let .ff and T be the proper transforms on the variety W of the surfaces that are cut on the 
hypersurface X by the equations y = and t = respectively. Then 

T ~q (a o 7)* ( - 5K X ) - ^*(E) - l -F ~ Q (a o 7 )*( - 5ET X ) - ^ - ^F, 



H ~q (a o 7)* ( - 2K X ) - ^ 7 *(£) " ~ q (a o 7 )*( - 2K X ) - ^ E - ^F, 



(29.6) 
which implies that 

-14% ~ Q UD ~ Q 27 • 2// • 21:. 

and the support of the cycle T • H does not contain the curves L 2 and C. Therefore, the base 
locus of the linear system | — 14K\y \ does not contain curves except the curve L\, 

The singularities of the mobile log pair (W, A| — 147Cvk|) are log-terminal for some rational 
number A > 1/14, but the divisor K\y + A| — 14K\y \ has non-negative intersection with all curves 
on the variety W except the curve L\. It follows from that the log-flip W — » Z in the 
curve L\ with respect to the log pair (W, A| — 14iTvr|) exists. 

Let V be the proper transform of the linear system M on the variety Z. Then the singularities 
of the log pair (Z, tV) are terminal, because the singularities of the log pair (W, ^B) are terminal, 
but the rational map ( is a log flop with respect to the log pair (W, ^/3), but — Kz is numerically 
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effective, because the base locus of the linear system | — 14K\y\ does not contain curves outside 

the curve L\, and the inequality —K\y ■ L\ < holds. 

In the rest of the section we show that — Kz is big, which contradicts Lemma 12. II 

The rational functions y/x 2 and ty/x 7 are contained in \2S\ and |75| respectively, but the 

equivalences 129.51 implies that y/x 2 and ty/x 7 are contained in |2<S| and \7S\ respectively. 
Let Z be the proper transform on the variety W of the irreducible surface that is cut on the 

hypersurface X by the equation z = 0. Then the equivalences 



Z ~q (a o 7)* ( - 4K X ) - -7*(^) ~Q (a 7)" 



4 - 1 

AK X ) --E--F 
1 9 3 



hold, which imply that — 6K\y ~q Z + H + E. Thus, the rational function zy/x^ is contained 
in the linear system \oS\. Thus, the linear system | — 42K\y\ maps the variety W dominantly 
on some three-dimensional variety, which implies that the divisor — Kz is big. 

30. Case n = 44, hypersurface of degree 20 in P(l,2,5,6,7). 

44. 



We use the notations and assumptions of Section |31 Let n = 44. Then X is a sufficiently 
general hypersurface in P(l,2,5,6, 7) of degree 20, the equality —K% = 1/21 holds, and the 
singularities of the hypersurface X consist of the points Pi, Pi and -P3 that are quotient singu- 
larities of type |(1, 1, 1), the point P4 that is a quotient singularity of type g(l, 1, 5), and the 
point P5 that is a quotient singularity of type =(1, 2, 5). There is a commutative diagram 



P(l,2,5), 



X'" 

where tp is a projection, 04 is the weighted blow up of P4 with weights (1, 1, 5), 05 is the weighted 
blow up of P5 with weights (1, 2, 5), (3^ is the weighted blow up with weights (1, 1, 5) of the proper 
transform of P4 on U$, (3$ is the weighted blow up with weights (1, 2, 5) of the proper transform 
of the point P5 on the variety U4, and r\ is an elliptic fibration. There is a commutative diagram 




As 



W 



X r -P(l,l,3), 

where £ is a projection, /3g is the weighted blow up with weights (1,2,3) of the singular point 
of U5 that is a singularity of type g(l, 2, 3) contained in the a5-exceptional divisor, and u is an 
elliptic fibration. 

Proposition 30.1. Either there is a commutative diagram 

p 



(30.2) 



x-- 

1 

tp 1 
v 

(1,2,5) 



or there is a commutative diagram 



(30.3) 



x-- 

1 

y 

(1,1,3) 



where (j), Q and a are birational maps. 



^X 



>■ V 
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Let us prove Proposition l3U.ll It follows from Lemma 13.141 and Proposition 13. 71 that 

0^C§(x,i^) c {P 4 ,P 5 }, 

but the proof of Lemma 118.21 implies that the set CS(X, \M) contains the point P5. 

The existence of the commutative diagram 130.21 easily follows from Theorem 12.21 in the case 
when CS(X, \M) = {PijPs}- Thus, to conclude the proof of Proposition I3U.11 we may assume 
that the set CS(X, %M) consists of the point P5. 

In the rest of the section we prove the existence of the commutative diagram I3U. 31 

Let P5 be the proper transform of Ai on U§. Then D5 ~q —kKjj B by Theorem 12.21 which 
implies that the set C§(£/5, 5) is not empty by Lemma l2.ll Let G be the exceptional divisor 
of the morphism as, and Pq and P? are the singular points of G that are quotient singularities 
of types |(1, 2, 3) and ^(1, 1, 1) on the variety U§ respectively. 

In the case when the set CS(L%, r^s) contains the point Pq, the existence of the commutative 
diagram I3U.3I follows from Theorem 12.21 Therefore, to conclude the proof of Proposition I3U.11 
we may assume that the set CS(L%, \T>$) contains the point P7 by Lemma l2~3l 

Remark 3U.4. The linear system | — 5Kjj s | is a proper transform of | — 5Kx\, and the base locus 
of the linear system | — 5Kjj 5 | consists of the irreducible curve that is the fiber of the rational 
map ip o 05 passing through the point P7. 

Let ir: U — > U5 be the weighted blow up of Pj with weights (1, 1, 1), F be the exceptional 
divisor of tt, T> be the proper transform of M. on the variety U, and 7i be the proper transform 
of the linear system | — 5Ku s \ on the variety U. Then T> ~q —kKjj by Theorem \2.2\ but 

H~ Q n*(-5K U5 )-±F, 

and the base locus of TC consists of the irreducible curve Z such that Q5 o tt(Z) is the unique 
curve in the base locus of the linear system | — 5Kx \ ■ 

Let S be a general surface of the linear system TL. Then the equality S ■ Z = 1/3 holds, which 
implies that the divisor 7r*(— WKu 5 ) — F is nef. Let D\ and D2 be general surfaces in T>. Then 

-— = (tt*( - 10K Us ) -F) ■ (tt*( - kK UB ) - -F) = (tt*( - 10K Us ) -F)-D 1 -D 2 ^^ 
which is a contradiction. The claim of Proposition l3U.il is proved. 



31. Case n = 47, hypersurface of degree 21 in P(l, 1, 5, 7, 8). 

We use the notations and assumptions of Section El Let n = 47. Then X is a general hyper- 
surface in P(l, 1, 5, 7, 8) of degree 21, whose singularities consist of the point Pi that is a singu- 
larity of type |(1, 2, 3), and the point P2 that is a singularity of type |(1, 1, 7). 

There is a commutative diagram 



U ■ 



X 



W 



Y 



:m,5), 



where a is the weighted blow up of the point P2 with weights (1, 1, 7), (3 is the weighted blow 
up with weights (1,1,6) of the singular point of the variety U that is a quotient singularity of 
type 1,6), 7 is the weighted blow up with weights (1, 1, 5) of the singular point W that is 
a quotient singularity of type i(l, 1, 5), and r] is and elliptic flbration. 



Proposition 31.1. The claim of Theorem M.lfA holds ft 



or n 



47. 



In the rest of the section we prove Proposition I31.ll It follows from Theorem l3.51 Lemma 13.141 
and Proposition l3~7l that C§(X, \M) C {Pi,P 2 }. 



The hypersurface X can be given by the equation 

2 3 

w 2 z + ^2 wz % 9iz-u(x, y,t) + ^2 zl 92i-5i(x, y,t) = 0c Proj \C[x, y, z, t, w]j , 

i=Q i=0 

where wt(x) = 1, wt(y) = 1, wt(z) = 5, wt(t) = 7, wt(w) = 8, and gi(x,y,t) is a quasihomoge- 
neous polynomial of degree i. 

Lemma 31.2. The set CS>(X, i-M) contains the point Pj. 

Proof. Suppose that CS(X, \M) does not contains P 2 . Then CS(X, \M) = {Pi}. 

Let 7r: Z — > X be the weighted blow up of Pi with weights (1,2,3), E be the exceptional 
divisor of ir, and B be the proper transform of M. on Z. Then E = P(l, 2, 35) and B ~q> —kKz- 

Let -P3 and P4 be the singular points of the variety Z contained in E that are singularities of 
types 5(1, 1, 1) and |(1, 1, 2) respectively. Then the proof of Proposition 122,11 implies that the 
singularities of the log pair (Z, \B) are terminal. However, the divisor —Kz is not nef. 

The base locus of the pencil | — Kz\ consists of the irreducible curves C and L such that the 
curve 7r(C) is cut out by x = y = 0, the curve L is contained in the divisor E, the curve L is 
contained in |0p(i,2,3)(l)|> the inequalities — Kz ■ C < and —Kz • L > hold. 

It follows from ^S] that the antiflip £: Z — » Z in the curve C exists, and — K z is nef. 

Let V be the proper transform of the linear system A4 on the variety Z. Then the singularities 
of the log pair (Z, ^V) are terminal, because the singularities of the log pair (Z, \B) are terminal, 
and the antiflip ( is a log flop with respect to the log pair (Z, \B). 

One can easily check that the rational functions y/x, zy/x G , ty/x 8 and yw/x 9 are contained 
in the linear system | — aKz\, where a = 1, 6, 8 and 9 respectively. Therefore, the complete 
linear system | — 72i^T^| induces the birational map x : Z X such that X is a hypersurface 
of degree 24 in P(l, 1, 6, 8, 9). Hence, the divisor —K z is big, which contradicts Lemma 12.11 □ 

Let G be the exceptional divisor of the morphism a, T> be the proper transform of the linear 
system M on the variety U, P\ be the proper transform of Pi on U, and P5 be the singular 
point of the variety U that is contained in G. Then T> ~q —kKjj by Theorem 12.21 

Lemma 31.3. The set CS(Z7, tT>) contains the point P5. 

Proof. Suppose that P 5 CS(U, \V). Then €S(U, \V) = {Pi} by Lemmas [2~T1 and IP 

Let 7r: Z — > U be the weighted blow up of the point Pi with weights (1,2,3), E be the ex- 
ceptional divisor of the morphism tt, and G and B be the proper transforms of G and M on the 
variety Z respectively. Then B ~q —kKz by Theorem 12 .21 but the proof of Lemma T3 1.21 implies 
that the singularities of the log pair (Z, ^B) are terminal. 

Let S x , Sy, S z , St and S w be the proper transforms on the variety Z of the surfaces that are 
cut on X by the equations x = 0, y = 0, z = 0, t = and w = respectively. Then 



(31.4) 



s x ~<c 


) (a tt)*( 




l -E-- 

5 


Sy ~<C 


) (a 7r)*( 


-^x) - 


5 


S z ~<c 


(a tt)*( 


- 5^x) - 


1 

- -P- 
5 




(a 7r)* ( 


- 7K X ) - 


-He- 

5 




J («ott)*( 


-8K X ) 


-He. 

5 



He, 



The base locus of the pencil | — Kz\ consists of the irreducible curves C and L such that the 
curve ao-7r(C) is cut by the equation x = y = on the hypersurface X, the curve L is contained 
in the divisor E, and the curve L is the unique curve of the linear system |Op(i ) 2,3)(l)|- 

It follows from ^S] that there is the antiflip £ : Z — • » Z in C such that — Kg is nef. 

Let V be the proper transform of the linear system A4 on the variety Z. Then the singularities 
of the log pair (Z, \V) are terminal. 
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The equivalences |^T1] imply that the functions y/x, zy/x 6 , ty/x 8 and wzy 2 /x 15 are contained 
in the complete linear system |a5 x |, where a = 1, 6, 8 and 15 respectively. Hence, the linear 
system | — 120Kz\ induces the birational map x : Z X such that J is a hypersurface of 
degree 30 in P(l, 1, 6, 8, 15), which implies that — K z is big, which contradicts Lemma 12, II □ 

Remark 31.5. It follows from Lemma EH that CS(E7, \V) = {P 5 }. 

Let H be the proper transform of the linear system A4 on the variety W, F be the exceptional 
divisor of (3, P\ be the proper transform of P\ on W, and Pq be the singular point of W that is 
contained in F. Then H ~q -kK w by Theorem O but CS(W, \H) + 0. 

Lemma 31.6. Suppose that P 6 e CS(W, \H). Then there is a commutative diagram 

(31.7) X P 

i 

Y 

P(l,l,5)------ 



where C is a birational map. 

Proof. The existence of the diagram 131.71 follows from Theorem 12.21 



□ 



We may assume that the set C§(W, tW) consists of the point P± by Lemma E3 
Let 7r: Z —* W be the weighted blow up of Pi with weights (1,2,3), E be the exceptional 
divisor of w, B be the proper transform of A4 on Z, and G and F be the proper transforms on 



the variety Z of the surfaces G and F respectively. Then it follows from the proof of Lemma l31.2l 
that the singularities of the log pair (Z, ^B) are terminal, but B ~q —kKz by Theorem 12.21 
Let S x , S y , S z , St and S w be proper transforms on the variety Z of the surfaces that are cut 



on the variety X by the equations x = 0, y 


= 0, z = 0, t = and w = respectively. Then 




S x ~<Q (ao/3ovr)*( 


-&)-^4<5-iF, 




Sy ~Q (« ° ° ^Ti 




(31.8) 


S z ~q (a o f3 o 7r)*( 






S t ~q (ao/?ovr)*( 






S w ~Q (" ° /3 o 7r)* 


{ - SKx) - \e. 



The equivalences 131.81 imply that the functions y/x, zy/x e , tzy 2 /x 1A and wz 2 y 3 /x 21 are con- 
tained in the linear systems \S X \, \6S X \, |14S , X | and |215a;| respectively. Therefore, the complete 
linear system | — 42Kz\ induces the birational map x : Z — - * X such that X is a threefold 5 . 

The base locus of the linear system | — 42Kz \ consists of the irreducible curve C such that 
the curve a o (3 o ir(C) is cut on X by the equations x = y = 0. Therefore, the existence of the 
antiflip (: Z — > Z in the curve C follows from which implies that — is nef and big. 

The rational map £ is a log flip with respect to the log pair (Z, \B). Therefore, we see that 
the singularities of the mobile log pair (Z, I?) are terminal, where V is the proper transform of 
the linear system Ad on the variety Z, which is impossible by Lemma 12.11 

The claim of Proposition 131 . ll is proved. 



The proofs of Lemmas 131.21 and 131.31 give the birational transformations of the hypersurface X into hyper- 
surfaces in P(l, 1,6,8,9) and P(l, 1,6,8, 15) of degrees 24 and 30 respectively. The anticanonical models of the 
varieties U and W are hypersurfaces in P(l, 1, 5, 7, 13) and P(l, 1, 5, 12, 18) of degrees 26 and 36 respectively, and 
the threefold X is a hypersurface in P(l, 1,6, 14,21) of degree 42. Up to to the action of Bir(X), there are no 
other non-trivial birational transformations of X into Fano threefolds with canonical singularities. 
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32. Case n = 48, hypersurface of degree 21 in P(l, 2, 3, 7, 9). 

We use the notations and assumptions of Section |21 Let n = 48. Then X is a general hyper- 
surface in P(l,2,3, 7, 9) of degree 21, whose singularities consist of the point P\ that is a sin- 
gularity of type ^(l, 1) 1), the points P2 and P3 that are singularity of type |(1, 1, 2), and the 
point P4 that is a singularity of type g(l, 2, 7). There is a commutative diagram 

p 7 
U« W * Y 



x -P(l,2,3), 

w 

where ip is a projection, a is the weighted blow up of P4 with weights (1, 2, 7), /3 is the weighted 
blow up with weights (1, 2, 5) of the singular point of the variety U that is a quotient singularity 
of type ^(1,2,5) contained in the exceptional divisor of a, 7 is the weighted blow up with 
weights (1,2,3) of the singular point of W that is a singularity of type g(l, 2, 3) contained in 
the exceptional divisor of f3, and 77 is an elliptic fibration. 

Proposition 32.1. The claim of Theorem M.luA holds for n = 48. 

In the rest of the section we prove Proposition 132 . ll It follows from Theorem 13. 5| Lemma 13.141 
and Proposition O that CS(X, \M) = {P 4 }. 

Let E be the a-exceptional divisor, T> be the proper transform of A4 on U, and P5 and Pq be 
the singular points of U contained in E that are singularities of types ^(1,1,1) and b(1,2,5) 
respectively. Then E = P(l, 2, 7), but V ~ Q -kK v by Theorem^ 

It follows from Lemmas ED EH and E31 that CS(U, \V) C {P 5 , Pel- 
Lemma 32.2. The set CE>(U, \T>) does not contain the point P5. 

Proof. Suppose that the set CS(C/, \T>) contains the point P5. Let it: Z — > U be the weighted 
blow up of P5 with weights (1,1,1), G be the exceptional divisor of 7r, and B and V be the 
proper transforms of the linear systems A4 and | — 7Kx \ on the variety Z respectively. Then 

B ~q -kK z ~ Q (a o tt)* ( - A;K X ) - ^vr* (^) - 

by Theorem 12. 2( but the base locus of the linear system V does not contain curves. Let H be a 
general divisor of the linear system V . Then the divisor H is numerically effective, but 

H ■ B X ■ B 2 = ((a o vr)* ( - kK x ) - (E) - ~g) * ((a o vr)* ( - 7K X ) - V (E) - Id) = -\k\ 
where B\ and B2 are general surfaces of the linear system B, which is a contradiction. □ 
Hence, the set CS(U, ^T>) consists of the point Pq. 

Let F be the /^-exceptional divisor, 7i be the proper transform of M. on W, and Pi and Pg be 
the singular points of W contained in F that are singularities of types ^(1,1,1) and ^(1,2,3) 
respectively. Then F ^ P(l, 2, 5), but H ~q -kK w by Theorem [2~2l 

It follows from Lemmas EH1 IO and l2~H that CS(W, \U) C {P 7 ,P 8 }. 

Lemma 32.3. Suppose that P 8 G CS(V7, jW). T/ien i/iere is a commutative diagram 

(32.4) X P > V 

1 

v 

P(l,2,3)------P 2 , 

where Q is a birational map. 

Proof. Let S be the proper transform on the variety Y of a sufficiently general surface of the 
linear system A4, and T be a general fiber of r\. Then S ~q —kKy by Theorem 12.21 which 
implies that S ■ T = 0. Therefore, the surface S lies in the fibers of the fibration 77, which implies 
the existence of the commutative diagram 132.41 □ 
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To conclude the proof of Proposition 132, li we may assume that P 7 G CS(W,£W). 
Let 7r: Z —* W be the weighted blow up of P7 with weights (1, 1, 1), G be the exceptional 
divisor of tt, and £> be the proper transform of Ai on Z. Then B ~q —kKz by Theorem 12.21 
The hypersurface X can be given by the equation 



w 2 z + wf 12 (x, y, z, t) + f 21 (x, y,z,t)=0c P(l, 2, 3, 7, 9) Proj (C[x, y, z, t, w]j , 

where wt(x) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 7, wt(w) = 9, and fi(x,y,z,t) is a quasihomo- 
geneous polynomial of degree i. 

Let V be the proper transform on the variety Z of the pencil of surfaces that are cut on the 
hypersurface X by the equations Xx 3 + fiz = 0, where (A, /i) E IP 1 . Then the base locus of the 
pencil V consists of the irreducible curves C, L\ and L 2 such that a o /3 o 7r(C) is the curve that 
is cut on the hypersurface X by the equations x = z = 0, the curve (3 o tt(Li) is contained in 
the exceptional divisor E, the curve /?o7r(Li) is the unique curve in the base locus of the linear 
system |0p(i ; 2, 7)(1)[> the curve n(L2) is contained in F, and the curve 17(1,2) is the unique curve 
of the linear system |Cp(i, 2, 5) (1) I • 

Let D be a general surface of the pencil V, E and F be the proper transforms of the exceptional 
divisors E and F on the variety Z respectively, and S be the proper transform on Z of the surface 
that is cut on the hypersurface X by the equation x = 0. Then 

S ■ D = C + L x + L 2 , E-D = 3Li, F ■ D = 3L 2 , 

the surface D is normal, and 

E~q (p 07 ry(E)-~n*(F)-±G, 

D ~q (a o (3 o 7r)*( — 3K X ) - |C9 o vr)* (£) - ^vr*(F) - 

S ~q (a o /3 o vr)* ( - K X ) - o 7r)*(S) - ivr*(F) - i& 

Consider the curves C, Li and L2 as divisors on D. The equivalences 132.51 imply that 

C ■ C = L\ ■ L\ = — — , L2 ■ L2 = — — , C ■ L\ = C ■ L2 = L\ ■ L2 = 0, 
2 5 

which implies that the intersection form of the curves C, L\ and L2 on the normal surface D is 
negatively defined. On the other hand, we have 

B\d ~q ~kK z \D ~Q kS\o ~Q kC + kL\ + kL 2 , 

where B is a general surface of the linear system B, which contradicts Lemmas 12.101 and 12 
The claim of Proposition 132. li is proved. 



(32.5) 



33. Case n = 49, hypersurface of degree 21 in P(l, 3, 5, 6, 7). 

We use the notations and assumptions of Section El Let n = 49. Then X is a general hyper- 
surface in P(l, 3, 5, 6, 7) of degree 21, whose singularities consist of the points P%, P2 and P3 that 
are singularities of type |(1,1,2), the point P4 that is a singularity of type |(1,2, 3), and the 
point P5 that is a singularity of type g(l, 1, 5). 

There is a commutative diagram 



Y 




X ---P(l,3,5), 



where if) is a projection, a is the blow up of P5 with weights (1, 1, 5), and rj is an elliptic fibration. 
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There is a commutative diagram 




where £ is a projection, (3 is the blow up of P4 with weights (1, 2, 3), and uo is an elliptic fibration. 
Proposition 33.1. Either there is a commutative diagram 



(33.2) 



X-- 
1 

V> 1 
v 

(1,3,5) 



or there is a commutative diagram 



(33.3) 



X-- 
1 

v 

(1,3,6) 



where (j) and a are birational maps. 

Proof. It follows from Proposition and Lemma ETUI that CS(X, \M) C {P 4 ,P 5 }. 

Suppose that the set CS(X, \M) contains point P4. Let V be the proper transform of the 
linear system M on the variety U. Then T> ~q —kK\j by Theorem 12.21 Intersecting a general 
surface of the linear system T> with a general fiber of uj, we see that P lies in the fibers of the 
elliptic u, which implies the existence of the commutative diagram 133.31 

Similarly, the commutative diagram EEP exists when P 4 6 CS(X, \M). □ 



34. Case n = 51, hypersurface of degree 22 in P(l, 1, 4, 6, 11). 

We use the notations and assumptions of Section EJJ Let n = 51. Then X is a hypersurface of 
degree 22 in P(l, 1,4,6, 11), the equality -K% = 1/12 holds, and the singularities of X consist 
of the point Pi that is a quotient singularity of type ^(1, 1, 1), the point P2 that is a quotient 
singularity of type 1, 4), and the point P3 that is a quotient singularity of type |(1, 1, 5). 

The hypersurface X is birationally superrigid. There is a commutative diagram 



a V 

X ->P(1,1,4), 

w 

where ip is a projection, a is the weighted blow up of P3 with weights (1, 1, 5), (3 is the weighted 
blow up with weights (1,1,4) of the singular point of the variety U that is contained in the 
exceptional divisor of a, and 77 is an elliptic fibration. There is a commutative diagram 



W 




X - >P(1,1,6), 

where £ is a projection, 7 is the blow up of P2 with weights (1, 1, 3), and u is an elliptic fibration. 
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Proposition 34.1. Either there is a commutative diagram 



(34.2) X 

i 

Y 

P(l,l,4)------P 2 , 

4> 

or there is a commutative diagram 

(34.3) X P 

i 

Si 

Y 

P(l,l,6)------P 2 , 

where (ft and a are birational maps. 

Proof. Suppose that P2 is contained in C8(X, Let T> be the proper transform of M on 

the variety W . Then the equivalence T> ~q — kK\y holds by Theorem 12.21 which implies the 
existence of the commutative diagram 134.31 

We may assume that CS(X, \M) = {Pi} by Theorem 1331 Proposition E3 and Lemma EH 
Let B be the proper transform of Ai on U. Then B ~q —kKjj by Theorem 12.21 but the 
anticanonical divisor — Kjj is nef and big. It follows from Lemmas 12.11 and 12.31 that the set of 
centers of canonical singularities C§(U, ^B) contains the singular point of the variety U that is 
contained in the exceptional divisor of the birational morphism a. 

Let TL be the proper transform of A4 on Y. Then TL ~q —kKy by Theorem 12. 21 
Intersecting a general surface of the linear system TL with a general fiber of the fibration 77, 
we see that the linear system TL lies in the fibers of the elliptic fibration r], which implies the 
existence of the commutative diagram 134.21 □ 

35. Case n = 56, hypersurface of degree 24 in P(l, 2, 3, 8, 11). 

We use the notations and assumptions of Section El Let n = 56. Then X is a general hyper- 
surface in P(l, 2, 3, 8, 11) of degree 24, whose singularities consist of the points Pi, P2 and P3 that 
are singularities of type |(1, 1, 1), and the point P4 that is a singularity of type tt(1, 3, 8). 

There is a commutative diagram 

/3 7 

W ■* Y 



X -P(l,2,3), 

where ip is a projection, a is the weighted blow up of P4 with weights (1, 3, 8), (5 is the weighted 
blow up with weights (1,3,5) of the point of U that is a quotient singularity of type |(1,3, 5) 
contained in the exceptional divisor of a, 7 is the weighted blow up with weights (1, 2, 3) of the 
point of W that is a quotient singularity of type | (1,2,3) contained in the exceptional divisor 
of the morphism /3, and r\ is an elliptic fibration. 

Proposition 35.1. The claim of Theorem M.llA holds for n = 56. 

Let us prove Proposition ESU It follows from Proposition ET7I that CS>{X, \M) = {P A }- 
Let E be the exceptional divisor of the morphism a, T> be the proper transform of the linear 
system M. on the variety U, and P5 and P% be the singular point of U contained in E that are 
singularities of types 4(1, 1, 2) and |(1, 3, 5) respectively. Then V ~q —kKjj by Theorem 12. 21 

Lemma 35.2. The set CS(U, \T)) does not contain the point P5. 

Proof. Suppose that the set CS([/, ^V) contains the point P5. Let 7r: Z — > U be the weighted 
blow up of P5 with weights (1,1,2), G be the exceptional divisor of tt, and B and V be the 
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proper transforms of A4 and | — 8Kx \ on the variety Z respectively. Then B ~q —kKz, but the 
base locus of the linear system V does not contain curves. 

Let H be a general surface in V . Then the divisor H is nef and big. In particular, we have 



k 



k 



H ■ B x ■ B 2 = ( (a o tt)*( - kKx) - ^*(E) - -G) ((a o tt)*( - 8K X ) - —ir*(E) - -G 



11 



where B\ and B2 are general surfaces in B, which contradicts Corollary 12.71 



0, 

□ 



Hence, the set CE(U, ^T>) consists of the point P§ by Lemma 12.31 

Let F be the exceptional divisor of the morphism 0, Ti be the proper transform of the linear 
system Ai on the variety W, and P^ and P% be the singular points of W that are singularities of 
types I (1,1,2) and 3(1,2, 3) contained in F respectively. Then TL ~q> — kKy/ by Theorem 12.21 

The proof of Lemma 132.31 implies the existence of the commutative diagram 



X-- 
1 

V 1 

Y 

(1,2,3) 



in the case when P 8 € CS(W, \H), where C is a birational map. 

We may assume that CS(W, \H) = {P 7 } due to Lemmas l2~T1 and l2~31 

Let tt: Z — > TV be the weighted blow up of P7 with weights (1, 1,2), G be the exceptional 
divisor of ir, and B be the proper transform of Ai on Then B ~q —kKz by Theorem 12.21 

Lemma 35.3. T/ie singularities of the log pair (Z, \B) are terminal. 

Proof. Suppose that CS(Z, \B) 7^ 0. Let P9 be the singular point of G. Then P$ is a singularity 
of type |(1, 1, 1) on Z, the set CS(Z, \B) contains P 9 by Lemma IO and G = P(l, 1, 2). 

Let 7f : Z — > Z be the weighted blow up of the point P9 with weights (1, 1, 1), and G be the 
exceptional divisor of ff. Take any divisor D on the variety Z such that the equivalence 

D ~q -2^ - (/3 o 7T o vf )* (16Ku) - (tt o tt)* (18^) 

holds. Analyzing the base locus of the pencil | — 2Kg\, we see that D is nef, but D 3 > 0. 

The divisor D is nef and big, but D ■ Hi ■ H 2 = 0, where Hi and H 2 are the proper transforms 
on Z of general surfaces in Ai, which is impossible by Corollary 12.71 □ 

The hypersurface X can be given by the equation 

w 2 y + wf n {x, y, z, t) + f 24 (x, y,z,t) = 0c P(l, 2, 3, 8, 11) ^ Proj (c[x, y, z, t, w] 

where wt(cc) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 8, wt(w) = 11, and fi(x,y, z,t) is a sufficiently 
general quasihomogeneous polynomial of degree i. 

Let -B and F be the proper transforms on the variety Z of the divisors E and F respectively, 
and Si, S 2 , S3 and 5*8 be the proper transforms on the variety Z of the surfaces that are cut on 
the hypersurface X by the equations x = 0, y = 0, z = and t = respectively. Then 



(35.4) 



F ~Q 


n*(F)-lG, 








E ~(Q 


(Po„)*(E)- 


8 V ; 






Si ~( 


l (a [3 tt)*( 


-K x ) - 


.J_ (/3o ^ r(jB )_ V(F)- 


> 


< 


j (a /3 tt)*( 


-2iT x ) 


__ (/ 3 07 r)*(£)--7r*(F) 


-¥ 


£3 ~c 


j (a /3 7r)*( 




-A^ctt)*^)-^*^) 


3 




j (a /? 7r)*( 


-8iTx) 


-A^OTT)*^). 
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The base locus of | — 2Kz\ consists of the irreducible curves C, L\, L 2 and L3 such that the 
curve q o [3 o 7r(C) is cut on X by the equations x = y = 0, the curve (3 o it(Li) is contained 
in the divisor E, the curve (3 o tt(Li) is contained in | Cp(i, 3, s) (1) 1 5 the curve tt(L 2 ) is contained 
in the divisor F, the curve ir(L 2 ) is contained in |Cp(i ) 3 ) 5)(l)|, the curve L3 is contained in the 
divisor G, the curve L3 is contained in |Cp(i, 1, 2) (1) I ■ Moreover, we have 

S 1 ■ D = C + 2Li + 2L 2 + L 3 , E ■ D = 2L U F-D = 2L 2 , G ■ D = 2L 3 , 

where L> is a general surface in | — 2Kz \ ■ It follows from the equivalences 135,41 that 

-K z -C= ± -K z ■ L\ = ~, -K z ■ L 2 = ~, -K z -Lz = \, 

which implies that the curves L\ and L 2 are the only curves on the variety Z that have negative 
intersection with the divisor —Kz- 

The singularities of the log pair (Z, A| — 2Kz\) are log-terminal for some rational A > 1/2, but 
the divisor Kz + A| — 2Kz \ has nonnegative intersection with all curves on the variety Z except 
the curves L\ and L 2 . It follows from |T3] that there is a composition of antiflips Z — » Z 
such that the divisor — K% is numerically effective. 

Let V be the proper transform of the linear system A4 on the variety Z. Then the singularities 
of the log pair (Z, IV) are terminal, because the singularities of the log pair (Z, |S) are terminal, 
and the rational map £ is a log flop with respect to the log pair (Z, \B). 

It follows from the equivalences 135.41 that — Kz ~o S\ and 



(35.5) 



5*i ~ 

5*2 ~ 

S3 ~ 

5*8 



(a o (3 o it) 
^ (a o f3 o 7r) 
q (a o (3 o 7r) 
q (a o /3 o 7r) 



ifx) - 


11 


11 


-Ac, 

11 


2K X ) 






" 11 G ' 


3A"x) 


11 


11 


— —G, 
11 


8Kx) 


-is 

11 


11 


7 G 



The equivalences 135.51 implies that the rational functions y/x 2 , zy/x 5 and ty 3 /x 14 are con- 
tained in the linear systems |25i|, |5Si| and |145i| respectively. In particular, the complete 
linear system [ — 70Kz\ induces the dominant rational map Z — - > P(l,2,5,14), which implies 
that the anticanonical divisor — K^ is nef and big, which contradicts Lemma 12.11 

36. Case n = 58, hypersurface of degree 24 in P(l, 3, 4, 7, 10). 

We use the notations and assumptions of Section |31 Let n = 58. Then X is a hypersurface of 
degree 24 in P(l, 3, 4, 7, 10), the equality -K\ = 1/35 holds, and the singularities of X consist 
of the points Pi, P 2 and P3 of type ^(1, 1, 1), y(l, 3, 4) and ^j(l, 3, 7) respectively. 

There is a commutative diagram 



P(l,3,4), 




where ip is a projection, a 2 is the weighted blow up of P 2 with weights (1, 3, 4), 03 is the weighted 
blow up of P3 with weights (1, 3, 7) , fa is the weighted blow up with weights (1, 3, 7) of the proper 
transform of P3 on U 2 , (3 2 is the weighted blow up with weights (1,3,4) of the proper transform 
of the point P 2 on U 2 , (3$ is the weighted blow up with weights (1, 3, 4) of the singular point of 
the variety U3 that is a quotient singularity of type i(l, 3, 4) contained in the exceptional divisor 
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of the morphism 03, 72 is the weighted blow up with weights (1, 3, 4) of the proper transform of 
the point P2 on t/34, 74 is the weighted blow up with weights (1, 3, 4) of the singular point of the 
variety U23 that is a quotient singularity of type ^(1,3,4) contained in the exceptional divisor 
of the morphism (3%, and r\ is an elliptic fibration. 

In the rest of the section we prove the following result. 

Proposition 36.1. The claim of Theorem 1 1.1 u\ holds for n = 58. 

It follows from Theorem 13. 51 Lemma 13. 141 and Proposition 13.71 that CS(X, Q {P2,Ps}. 

Lemma 36.2. The set CE>(X, \M) contains the point -P3. 

Proof. Suppose that the set CS(X, \M) does not contain the point P3. Let T>2 be the proper 
transform of the linear system M on the variety U2, and O and Q be the singular points of 
the variety U2 contained in the exceptional divisor of 0.2 such that the points O and Q are 
singularities of types |(1, 1, 2) and |(1, 1, 3) respectively. Then T>2 ~q> —kKjj 2 by Theorem 12.21 

Suppose that O G CS(U2, ^^2)- Let tt: W — > U2 be the weighted blow up of the singular 
point O with weights (1,1,2), B and V be the proper transforms of A4 and | — 4:Kx\ on the 
variety W respectively, and S be a general surface in V . Then the base locus of V consists of 
an irreducible curve C such that 02(C) is the base curve of | — 4:Kx\, but C 2 < on the normal 
surface S, which contradicts B\s ~q kC by Lemmas 12.81 and 12.101 

We see that Q G CS(U 2 , \V 2 ) by Lemma IP because CS(cT 2 , \V 2 ) + by Lemma EHl 

Let (: U — > U2 be the weighted blow up of the point Q with weights (1, 1,3), Ti be the proper 
transform of M on the variety U, H be a general surface of the linear system TL, and D be a 
general surface in | — 3Kjj\. Then D is normal, and the base locus of the pencil | —3Ku\ consists 
of the irreducible curve Z such that ct2(Z) is the unique base curve of the pencil | — 3Kx\- 

The equivalence TL\d ~q> kZ holds by Theorem 12.21 and the inequality Z 2 < holds on the 
surface D, which is impossible by Lemmas 12.81 and 12.101 □ 

Let T>2 and P23 be the proper transforms of A4 on U2 and U23 respectively. The arguments 
of the proof of Lemma 136.21 implies the following two corollaries. 

Corollary 36.3. Suppose that T>2 ~q> —kKjj 2 . Then the set CS(U2, 7: ^2) does not contain sub- 
varieties of the variety U2 that are contained in the exceptional divisor of the morphism 02 • 

Corollary 36.4. Suppose that D23 ~<q —kKjj 23 . Then the set CS(C/23, ^^23) does not contain 
subvarieties of the variety U23 that are contained in the exceptional divisor of the morphism fo- 

Let T>3 and P23 be the proper transforms of A4 on ^3 and ^34 respectively. Then we have 
the equivalence V3 ~q —kKu 3 by Theorem 12.21 

Lemma 36.5. The set CS(X, \M) contains the point P2. 

Proof. Suppose that P2 ^ CS(X, \M)- Then V3 ~q —kKjj 2 by Theorem 12. 21 which implies that 
the set CS(C/3, \P>3) is not empty by Lemma l2~Tl 

Let P4 and P5 be the singular points of the variety U3 that are contained in the exceptional 
divisor of the birational morphism 03 such that the points P4 and P5 are quotient singularities of 
types 3, 4) and |(1, 1, 2) respectively. Then the set CS(C/3, \T> 3) contains either the singular 
point P4, or the singular point P5 by Lemma 12.31 

It follows from Lemma 136.21 that the set CS(C/3, ^^3) does not contain the point P5, which 
implies that CS(t/3, \T>3) contains P4. Hence, the equivalence P34 ~q —kK\j. M holds by Theo- 
rem E21 and the set CS(f/34, ^^34) is not empty by Lemma l2~Tl 

Let Pq and P7 be the singular points of the variety C/34 that are contained in the exceptional 
divisor of the birational morphism (3^ such that the points P§ and P7 are quotient singularities 
of types |(1,1,2) and ^(1, 1,3) respectively. Then the set C§([/34, ^^34) contains either the 
singular point Pq, or the singular point P7 by Lemma 12.31 

Suppose that the set CS(C/34, ^^34) contains the point P7. Let (: U — > U34 be the weighted 
blow up of P7 with weights (1, 1,3), 7i be the proper transform of Ai on U, H be a general 
surface of Tt, and D be a general surface of the pencil | — 3Kjj\. Then D is normal, and the 
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base locus of the pencil | — 3Kjj\ consists of the irreducible curve Z such that a 3 o /^(Z) is the 
unique base curve of the pencil | — 3Kx\- Moreover, the equivalence H\d ~q kZ holds, and the 
inequality Z 2 < holds on the surface D, which is impossible by Lemmas l'2,8l and 12. 1UI 

Therefore, the set CS(U^, ^^34) contains the point Pq. 

The hyper surf ace X can be given by the quasihomogeneous equation 

w 2 z + wfu(x, y, z, t) + / 24 (x, y, z, t) = C Proj (c[x, y, z, t, w]\ , 

where wt(x) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 7, wt(w) = 10, and fi(x,y, z,w) is a quasiho- 
mogeneous polynomial of degree i. Let V be a pencil consisting of the surfaces that are cut on 
the hypersurface X by the equations Xx + (j,z = 0, where (A, fi) € P . Then the base locus of 
the pencil V consists of the irreducible curve that are cut on X by the equations x = z = 0. 

Let 7r: W — > C/34 be the weighted blow up of Pq with weights (1,1,2), i3 be the proper 
transform of M. on W, 7i be the proper transform of V on W, H be a general surface of the 
pencil Ti, and i 7 and G be the exceptional divisors of 03, /?4 and 7r respectively. Then 

H~ Q (a 3 of3 A oir)*(-4K x ) _ I(^ 4 tt)*(^) - |(tt)*(F) - ^G, 

the surface normal, and the base locus of the pencil W consists of the curves C and L such 
that «3 o /3 4 o7r(C) is the unique base curve of the pencil V, and the curve $4 ott(L) is the unique 
curve on the surface E = P(l, 3, 7) that is contained in the linear system |Cpn , 3, 7) (1) | - 

Let S be the surface of the linear system | — Kw\, and E be the proper transform of the 
surface E on the variety W . Then S ■ H = C + L and E ■ H = 4L, but 

E~q (foo«)*(E)-^)*(F)-±G, 

which implies that the intersection form of the curves L and C on the surface H is negatively 
defined. The equivalence B\h ~q kC + kL holds, which contradicts Lemmas 12 . 101 and 12.81 □ 

Hence, we have C8(X, \M) = {P 2 , P 3 }, and V 23 ~q -kK Um by Theorem FOl 
It easily follows from Lemmas 12. Il and l2.31 the proof of Lemma l3H.5l and Corollarv l3(i.4l that the 
set C§(?723, |^23) contains the singular point of the variety U23 that is a quotient singularity of 
type =(1, 3, 4) contained in the exceptional divisor of (3 3 , which implies that the proper transform 
of the linear system M. on the variety Y lies in the fibers of the fibration rj. 



37. Case n = 64, hypersurface of degree 26 in P(l,2,5, 6, 13). 

We use the notations and assumptions of Section Let n = 64. Then X is a general hyper- 
surface in P(l, 2, 5, 6, 13) of degree 26. The singularities of the hypersurface X consist of the 
points Pi, P2, P3 and P4 that are singularities of type ^(1, 1, 1), the point P5 that is a singularity 
of type |(1, 2, 3), and the point P% that is a singularity of type |(1, 1, 5). 

There is a commutative diagram 



Y 




X ---P(l,2,5), 

where ip is a projection, a is the blow up of Pq with weights (1, 1, 5), and r/ is an elliptic fibration. 
There is a commutative diagram 




X ---P(l,l,3), 



where £ is a projection, (3 is the blow up of P5 with weights (1, 2, 3), and to is an elliptic fibration. 
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Proposition 37.1. Either there is a commutative diagram 



x-- 

i 

ip I 
y 

(1,2,5) 



*~ V 



or there is a commutative diagram 



X 

I 

CI 

(1,1,3)--- 



where <j) and a are birational maps. 
Proof. See the proof of Proposition 133. ll 



□ 



38. Case n = 65, hypersurface of degree 27 in P(l, 2, 5, 9, 11) 



We use the notations and assumptions of Section |31 Let n = 65. Then X is a hypersurface of 
degree 27 in P(l, 2, 5, 9, 11), the equality -K\ = 3/110 holds, and the singularities of X consist 
of the point P\ that is a quotient singularity of type ^(1, 1, 1), the point P2 that is a quotient 
singularity of type g (1, 1,4), and the point P3 that is a quotient singularity of type jj(l, 2, 9). 

There is a commutative diagram 



U- 



X 



W 



Y 



(1,2,5), 



where ip is a projection, a is the weighted blow up of P3 with weights (1, 2, 9), /? is the weighted 
blow up with weights (1, 2, 7) of the point of U that is a singularity of type §(1, 2, 7) contained 
in the a-exceptional divisor, 7 is the weighted blow up with weights (1, 2, 5) of the singular point 
of type 4(1, 2, 5) contained in the /3-exceptional divisor, and rj is an elliptic fibration. 

Proposition 38.1. The claim of Theorem holds /< 



or n 



65. 



Let us prove Proposition 138. ll It follows from Theorem 13 .51 Lemma 13.141 and Proposition 13.71 
that CS(X, %M.) = {Ps}- Let E be the exceptional divisor of a, T> be the proper transform of 
the linear system Ai on U, and P4 and P5 be the singular points of U that are singularities of 
types 2(1, 1, 1) and |(1, 2, 7) contained in E respectively. Then V ~q —kKu by Theorem 12.21 

It follows from Lemmas O and E21 and the proof of Lemma that CE{U, \V) = {P 5 }. 

Let F be the exceptional divisor of the morphism 0, 7i be the proper transform of the linear 
system Ai on the variety W, and Pq and Pi be the singular points of W that are singularities of 
types 1, 1) and y(l, 2, 5) contained in F respectively. Then TL ~q —kKw by Theorem 12.21 

It follows from Lemmas ITT1 and l2~31 that CS(U, \V) n {Pe,P 7 } + 0. 

Remark 38.2. In the case when the set CS(W, \T~L) contains the point P7, it follows from Theo- 
rem that there is a commutative diagram 



X-- 
1 

V> 1 

(1,2,5) 



*■ V 



where Q is a birational map. 



61 



We may assume that P 6 G CS(W, \U). Note, that E ^ P(l, 2, 9) and F S P(l, 2, 7). 

Let 7r: Z — » W be the weighted blow up of i-6 with weights (1, 1, 1), G be the exceptional 
divisor of 7r, and be the proper transform of Ai on the variety Z. Then G = P 2 , and the 
equivalence £> ~q —kKz holds by Theorem 12.21 

The hypersurface X can be given by equation 

w 2 z + wf m (x, y, z, t) + f 27 (x, y, z, t) = C P(l, 2, 5, 9, 11) * Proj (c[x, y, s, i, u;]) , 

where wt(x) = 1, wt(y) = 2, wt(z) = 5, wt(t) = 9, wt(w) = 11, and fi(x,y,z,t) is a quasiho- 
mogeneous polynomial of degree i. Let -E and F be the proper transforms of the exceptional 
divisors E and F on the variety Z respectively, and V be the proper transform on Z of the 
pencil of surfaces that are cut out on the hypersurface X by Xx 5 + \iz = 0, where (A, /i) G P . 

The base locus of V consists of the irreducible curves C, L\, L 2 , Ai, A2 and A such that 
the curve a o (3 o tt(C) is cut out on X by x = z = 0, the curve /? o vr(Li) is contained in the 
exceptional divisor E, the curve (3oit(Li) is the unique curve in |0p(i,2,9)(l)|> the curve tt{L\) is 
contained in F, the curve vr(Li) is contained in |Cp(i : 2, 7) (1) 1 5 t ne curves Ai and A2 are the 
lines on G that are cut out by E and F respectively, and the curve A is a line on G, which is 
different from the lines Ai and A2. 

Let D be a general surface of the pencil V, and S be the proper transform on Z of the surface 
that is cut on the hypersurface X by the equation x = 0. Then 

S ■D = C + L 1 + L 2 , E-D = 5L 1 + A 1 , F ■ D = 5L 2 + A 2 , 

the surface D is normal, and D is smooth in the neighborhood of G. In particular, it follows 
from the local computations and the adjunction formula that the equalities 

(38.3) Ai • A 2 = Ai • L 2 = A 2 ■ L\ = 1 Ai • C = A 2 • C = 0, A 2 = A 2 . = -4 
hold on the surface D. However, we have 

' F~q n *(F)-±G, 

E~ Q ^oTr)*{E)-ln*{F)-\G, 

(38.4) 5 ^3 
D ~q {ao (3 o 7t)*(-5K x ) - —09 o vr)*^) - -vr*(F) - -G, 

^Q(«°^ 7r)*(-^) - ^{P o vr)*^) - ivr*(F) - ^G. 

It follows from the equalities 138.31 and equivalences 138.41 that the equalities 

1 3 

C • C = h\ ■ L\ = — — , L 2 ■ L 2 = — — , C ■ L\ = C ■ L 2 = L\ ■ L 2 = 

— ■ I 

hold on Z). The intersection form of the curves C, L\ and L 2 on the surface D is negatively 
defined, but B\d ~q + kL\ + A;L2, which contradicts Lemmas 12. 101 and 12.81 

39. Case n = 68, hypersurface of degree 28 in P(l,3,4, 7, 14). 

We use the notations and assumptions of Section |31 Let n = 68. Then X is a hypersurface of 
degree 28 in P(l, 3, 4, 7, 14), the singularities of the X consist of the point Pi that is a singularity 
of type |(1, 1, 1), the point P 2 that is a singularity of type |(1, 1, 2), the points P3 and P4 that 
are singularities of type ^(1,3,4), and — K\ = 1/42. 

Proposition 39.1. The claim of Theorem M.llA holds for n = 68. 

Proof. It follows from Lemma HT1 and Proposition 1X71 that CS(X, \M) C {P 3 ,P 4 }, but the 
proof is trivial if CS(X, ^M) = {P 3 , P 4 }- Hence, we may assume that P 4 gCSCX^A*). 
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There is a commutative diagram 




where ip is a projection, a is the weighted blow up of P3 with weights (1, 3, 4), /3 is the weighted 
blow up of the point P4 with weights (1, 3, 4), 7 is the weighted blow up with weights (1, 3, 4) of 
the proper transform of the singular point P4 on the variety U, 5 is the weighted blow up with 
weights (1,3,4) of the proper transform of P3 on W, and r] is an elliptic fibration. 

Let B be the proper transform of Ai on U, and P5 and Pq be the singular points of U that are 
singularities of types 1, 2) and ^(1, 1,3) contained in the exceptional divisor of the birational 
morphism a respectively. Then CS(C7, tB) D {P5,Pq} 7^ & by Lemma l2~3l 

Suppose that Pq € CS(U, xB). Let tt: W — > U be the weighted blow up of the point Pq with 
weights (1, 1, 3), and B and V be the proper transforms of Ai and the pencil | — 3Kx\ on the 
variety W respectively. Then B ~q — kK\y by Theorem 12.21 and the base locus of V consists of 
the irreducible curve Z such that a o tt(Z) is the base curve of the pencil [ — 3Kx\- 

Let S be a general surface in V, and B be a general surface in B. Then the surface S is 
normal, the inequality Z 2 < holds on the surface S, but B\s ~q kZ. Therefore, the support 
of the cycle B ■ S is contained in Z by Lemma I2.1UI which is impossible by Lemma 12.81 

Hence, the set CS(f7, xB) contains the point P5. 

Let C : Z ~^ U be the weighted blow up of P5 with weights (1,1,2), and T> and TL be the 
proper transforms of Ai and | — 4Kx\ on Z respectively. Then T> ~q —kKz by Theorem 12.21 
and the base locus of TL consists of a curve C such that a o ((C) is the base curve of | — 4-fCxl- 

Let H be a general surface in TL. Then H ■ C = and i? 3 > 0. Thus, the divisor H is nef 
and big. On the other hand, the equality H ■ D\ ■ D2 = holds, where D\ and D2 are general 
surfaces of the linear system T>, which is impossible by Corollary 12.71 □ 



40. Case n = 74, hypersurface of degree 30 in P(l,3,4, 10, 13). 

We use the notations and assumptions of Sectional Let n = 74. Then X is a hypersurface of 
degree 30 in P(l, 3, 4, 10, 13) , the equality -K x = 1/52 holds, and the singularities of X consist 
of the point Pi that is a quotient singularity of type |(1, 1, 1), the point P2 that is a quotient 
singularity of type |(1, 1,3), and the point P3 that is a quotient singularity of type ^(1,3, 10). 

There is a commutative diagram 

P 7 
W ^ Y 



x -P(l,3,4), 

w 

where if) is a projection, a is the weighted blow up of P3 with weights (1, 3, 10), f3 is the weighted 
blow up with weights (1, 3, 7) of the singular point of the variety U that is a quotient singularity 
of type jq (1, 3, 7) contained in the exceptional divisor of the morphism a, 7 is the weighted blow 
up with weights (1, 3,4) of the singular point of the variety W that is a quotient singularity of 
type 4(1,3,4) contained in the exceptional divisor of /3, and rj is an elliptic fibration. 
In the rest of the section we prove the following result. 

Proposition 40.1. The claim of Theorem \ 1.1 (A holds for n = 74. 

It follows from Theorem 1331 Lemma l3~Tl and Proposition l3~7l CS(X. \M) = {P 3 }. 
Let E be the exceptional divisor of the morphism a, T> be the proper transform of the linear 
system Ai on the variety U, and -P4 and P5 be the singular points of U that are quotient 
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singularities of types |(1, 1, 2) and (1, 3, 7) contained in the divisor E respectively. Then the 
equivalence T> ~q —kKjj holds by Theorem 12.21 

Lemma 40.2. The set CS{U, ^T>) does not contain the point P4. 

Proof. Suppose that the set CS(C/, \V) contains the point P4. Let tt: Z — > U be the weighted 
blow up of P4 with weights (1,1,2), G be the exceptional divisor of n, and B be the proper 
transforms of the linear system M on the variety Z. Then B ~q —kKz by Theorem 12.21 
Let D be a divisor on Z such that the equivalence 

D~ Q -4K z -tt*(36Ku) 

holds. Analyzing the base locus of the pencil | — &Kz\, we see that D is nef and big, but 

D ■ Bi ■ B 2 = ((a o 7r)*( - kK x ) - ^*(E) - ^g) 2 ( - AK Z - vr*(36i^)) = 0, 
where B\ and B2 are general surfaces in B. The latter is impossible by Corollary 12.71 □ 
Corollary 40.3. The set CS(U, ^T>) consists of the point P5 by Lemmas \2. 1\ and \2.!A 

Let F be the exceptional divisor of the morphism f3, Tt be the proper transform of the linear 
system Ai on the variety W, and Pq and P7 be the singular points of W that are quotient 
singularities of types g(l, 1, 2) and i(l, 3, 4) contained in F respectively. Then 7i ~q — kKw ■ 

Suppose that the set C§(W, rW) contains the point P7. Then it easily follows from the proof 
of Lemma 132.31 that the claim of Theorem 11.101 holds for the hypersurface X. Hence, we may 
assume that the set CS(VT, \TL) does not contain the point P7. Thus, the set CS(W, ^TC) consists 
of the singular point Pq by Lemmas 12.11 and 12.31 

Let tt: Z — > W be the weighted blow up of the point Pq with weights (1,1,2), G be the 
exceptional divisor of the birational morphism tt, and B be the proper transform of the linear 
system M. on the variety Z. Then B ~q —kKz by Theorem 12.21 

Let I? be a divisor on Z such that the equivalence 

D ~q -AK Z -((3ott)* (20Ku) - tt* (2AK w ) 

holds. The divisor D is nef and big, but D ■ B\ ■ B2 = 0, where B\ and B2 are general surfaces 
of the linear system B, which is impossible by Corollary 12.71 

41. Case n = 79, hypersurface of degree 33 in P(l,3, 5, 11, 14). 

We use the notations and assumptions of Section |31 Let n = 79. Then X is a hypersurface of 
degree 33 in P(l, 3, 5, 11, 14), the equality -K\ = 1/70 holds, and the singularities of X consist 
of the points Pi and P2 that are singularities of type |(1, 1,4) and ^(1,3, 11) respectively. 

Proposition 41.1. The claim of Theorem ] 1.1 (A holds for n = 79. 

Proof. There is a commutative diagram 

P 7 
Y 



x -P(l,3,5), 

w 

where tp is a projection, a is the weighted blow up of P2 with weights (1, 3, 11), (3 is the weighted 
blow up with weights (1, 3, 8) of the singular point of type tt(1, 3, 8) contained in the exceptional 
divisor of a, 7 is the weighted blow up with weights (1, 3, 5) of the singular point of type |(1, 3, 5) 
contained in the exceptional divisor of (3, and ij is an elliptic fibration. 

It follows from Theorem 13.51 Lemma 13. 141 and Proposition 13 . 71 that CS(X, \M) = {Pj}- 
Let E be the exceptional divisor of the morphism a, T> be the proper transform of the linear 
system M. on U, and P3 and P4 be the singular points of U that are quotient singularities of 
types |(1,1,2) and ^-(1,3,8) contained in E respectively. Then V ~q —kKu, and it follows 
from Lemmas EHl and IO and the proof of Lemma HO that CE(U, \V) = {P 4 }. 
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Let F be the exceptional divisor of the morphism j3, 7i be the proper transform of the linear 
system Ai on the variety W, and P5 and Pq be the singular points of W that are quotient 
singularities of types ^(1, 1,2) and |(1,3, 4) contained in F . Then TL ~q — kKw- 

In the case when the set CS(W, -j-TC) contains the point Pq, it easily follows from Theorem 12 .21 
that the claim of Theorem 1 1 . 1 Ul holds for the hypersurface X. Therefore, we may assume that 
the set C§(W, \H) consists of the point P5 by Lemmas 12.11 and 1231 

Let 7r: Z — > W be the weighted blow up of t P5 with weights (1, 1, 2), G be the exceptional 
divisor of tt, and B be the proper transform of A4 on Z. Then B ~q —kKz by Theorem 12.21 

The hypersurface X can be given by the equation 

w 2 z + wf 19 (x, y, z, t) + f 33 (x, y, z,t) = C P(l, 2, 3, 8, 11) S Proj (c[x, y, z, t, w}^j , 

where wt(x) = 1, wt(y) = 3, wt(z) = 5, wt(i) = 11, wt(w) = 14, and fi(x,y,z,t) is a quasiho- 
mogeneous polynomial of degree %. Let V be the linear system on the hypersurface X that is 
generated by the monomials x 30 , y 10 , z & , t 2 x 8 , t 2 y 2 x 2 , ty e x and wtz, 1Z be the proper transform 
of V on the variety Z, and R be a general surface in 1Z. Then R is nef and big, but 

3D 8 2 

R ~ Q (a o (3 o tt)*( - 30^ x ) - o 7r)*(E) - —ir*(F) - -G, 

which implies that the equality R ■ B\ ■ B2 = holds, where B\ and B2 are general surfaces of 
the linear system B. The latter contradicts Corollary 12.71 □ 



42. Case n = 80, hypersurface of degree 34 in P(l, 3, 4, 10, 17). 

We use the notations and assumptions of Section EJ Let n = 80. Then X is a hypersurface 
of degree 34 in P(l, 3, 4, 10, 17), whose singularities consist of the point Pi that is a singularity 
of type |(1,1,1), the point P2 that is a singularity of type ^ (1, 1,2), the point P3 that is a 
singularity of type |(1, 1, 3), and the point P4 that is a singularity of type ig(l, 3, 7). 

Proposition 42.1. The claim of Theorem 1 1.1 (A holds for n = 80. 

Proof. It follows from PropositionEHthat CS(X, \M) = {Pa}. There is a commutative diagram 



a V 

X --^P(l,3,4), 

where ip is a projection, a is the weighted blow up of P4 with weights (1,3, 7), (5 is the weighted 
blow up with weights (1,3,4) of the singular point the variety U that is a quotient singularity 
of type ^(1,3,4) contained in the exceptional divisor of a, and rj is an elliptic flbration. 

Let T> be the proper transform of the linear system Ai on the variety U, and P5 and Pq be the 
singular points of the variety U that are quotient singularities of types ^(1, 1,2) and |(1,1,3) 
contained in the exceptional divisor of a respectively. Then the equivalence T> ~q —kKjj. 

It follows from Lemmas 12.11 and 12.31 that either the set C§(?7, \T > ) contains the point P5, or 
the set C§>(U, ^T>) contains the point Pq. In the latter case it follows from Theorem 12 . 21 that the 
claim of Theorem II. 101 holds for X. Therefore, we may assume P5 E CS(C/, \T>). 

The hypersurface X can be given by the quasihomogeneous equation 

t 3 z + t 2 fu(x, y, z, w) + tf 2 i(x, y, z, w) + fu(x, y,z,w) = C Proj \C[x, y, z, t, w]^j , 

where wt(x) = 1, wt(y) = 3, wt(z) = 4, wt(i) = 10, wt(u>) = 17, and fi(x,y,z,w) is a general 
quasihomogeneous polynomial of degree i. Let V be a pencil consisting of the surfaces that are 
cut on X by the equations Ax 4 + fiz = 0, where (A, fi) E P 1 . Then the base locus of V consists 
of the irreducible curve that is cut on X by the equations x = z = 0. 

Let 7 : W — > U be the weighted blow up of P5 with weights (1, 1,2), B be the proper transform 
of the linear system Ai on the variety W, Tt be the proper transform of the pencil V on the 
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variety W, D be a sufficiently general surface of the pencil TL, and E and F be the exceptional 
divisors of the morphisms a and 7 respectively. Then the surface D is normal, the equivalences 

2 4 

£> ~ Q -4ftV ~Q (a o 7 )*( - 4K X ) - -1*(E) - -F 

o o 

hold, and the base locus of the pencil TL consists of the curves C and L such that a 07(C) is the 
base curve of the pencil V, and j(L) is the curve on the surface E = P(l, 3, 7) that is contained 
in the linear system |0p( 1)3)7 )(l)|. 

Let S be the surface of the linear system | — Kw\, and E be the proper transform of the 
surface E on the variety W. Then S ■ D = C + L and E ■ D = 4L, which implies that 

C-C = ~, C L = 0, L-L = - 2 - 

on the surface D. Hence, the intersection form of the curves C and L on the surface D is nega- 
tively defined, but B\d ~q kC + kL, which contradicts Lemmas 12 , 1UI and 12 . 81 □ 

43. Case n = 82, hypersurface of degree 36 in P(l, 1, 5, 12, 18). 

We use the notations and assumptions of Section |31 Let n = 82. Then X is a hypersurface of 
degree 36 in P(l, 1, 5, 12, 18), the equality -K\ = 1/30 holds, and the singularities of X consist 
of the point P± that is a quotient singularity of type ^(1, 2, 3), and the point P2 that is a quotient 
singularity of type 4(1, 1, 5). There is a commutative diagram 



X ---P(l,l,5), 

w 

where ip is a projection, a is the weighted blow up of P2 with weights (1,1,6), and r\ is an elliptic 
fibration. The hypersurface X is birationally superrigid. 

Proposition 43.1. The claim of Theorem M.llA holds for n = 82. 

Proof. Suppose that P2 £ CS(X, Then Theorem 12.21 implies the existence of the commu- 

tative diagram 

p 

X >V 

1 

i> 1 

Y 

P(l,l,5)------P 2 , 

where a is a birational map. Thus, it follows from Theorem l3.51 Lemma [3 . 1 41 and Proposition ^. 71 
that we may assume that the set CS(X, \M) consists of the point P\. 

Let 7r: W — > X be the weighted blow up of Pi with weights (1,2,3), and B be the proper 
transform of A4 on W. Then B ~q — kK\y by Theorem 12.21 and the singularities of the 
exceptional divisor of the morphism ir consist of the points Q and O that are quotient singularities 
of types |(1, 1, 1) and ^(1, 1, 2) on the variety W respectively. 

Suppose that the set CS(VF, ^B) is not empty. Then the set CS(W, \B) contains either the 
point O, or the point Q. On the other hand, it easily follows from the proof of Proposition 122. ll 
that the set CS(W, ^B) does not contain neither the point O, nor the point Q, which implies 
that the singularities of the log pair (W, ^B) are terminal. 

It follows from the proof of Proposition 129. ll that there is a birational map 7: W — + Y such 
that 7 is an antiflip, the divisor —Ky is nef and big, and the linear system | — rKy \ induced 
a birational map Y -~» X' such that X' is a hypersurface in P(l, 1, 6, 14, 21) of degree 42 with 
canonical singularities (see the proof of Theorem 5.5.1 in j^j), where r S> 0. 

Let 7i be the proper transform of A4 on the variety Y. Then TL ~q —kKy, because 7 is 
an isomorphism in codimension one. The map 7 is a log flip with respect to (W, XB) for some 
rational number A > 1/k. Thus, the singularities of the mobile log pair (Y, \TL) are terminal, 
which contradicts Lemma 12. II □ 
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44. Case n e {21, 24, 33, 35, 41, 42, 46, 50, 54, 55, 61, 62, 63, 67, 69, 71, 76, 77, 83, 85, 91}. 
We use the notations and assumptions of Section |21 



Proposition 44.1. Suppose that n G {21, 24, 33, 35, 41, 42, 46, 50, 54, 55, 61, 62, 63, 67, 69, 71, 76, 
77,83,85,91}. Then there is a commutative diagram 

(44.2) X P V 

I 

ip I 
y 

P(l,a 1 ,a 2 )-- CT -P 2 , 

where ip is the natural projection, and a is a birational map. 

Proof. It follows from Theorem 13 . 51 and Lemma l3. 141 that the set CS(X, \M) consists of singular 
points of the hypersurface X. We prove the existence of the diagram 144.21 case by case. 

Case n = 21 . 

The variety X is a hypersurface in P(l, 1, 2, 4, 7) of degree 14, the equality — = 1/4 holds, 
and the singularities of the hypersurface X consist of the points 0\ and O2 that are quotient 
singularities of type ^(1, 1, 1), and the point P that is a quotient singularity of type |(1, 1, 3). 

There is a commutative diagram 



U 



X 



W 



(1,1,2) 



where if) is a projection, a is the weighted blow up of P with weights (1, 1,3), (3 is the weighted 
blow up with weights (1, 1, 2) of the singular point of U that is a singularity of type |(1, 1, 2), 
and n is an elliptic fibration. It follows from Proposition 13. 71 that CS(X, r«M) = {P}- 

Let T> be the proper transform of A4 on U. Then D ~q —kKy by Theorem 12.21 and it 
follows from Lemmas 12.11 and 12.31 that the set C§({7, j^V) contains the singular point of U that 
is contained in the exceptional divisor of the morphism a. 

Let B be the proper transform of M. on Y . Then B ~q —kKy by Theorem 12 .21 which implies 
the existence of the the commutative diagram 144.21 

Case n = 24. 

The variety X is a hypersurface in P(l, 1, 2, 5, 7) of degree 15, the equality — K\ = 3/14 holds, 
and the singularities of the hypersurface X consist of the point Pi that is a quotient singularity 
of type |(1, 1, 1), and the point P2 that is a quotient singularity of type y(l, 2, 5). 

It follows from Proposition O that CS(X, \M) = {P 2 }- There is a commutative diagram 



U- 



W 



Y 



x -P(l,l,2), 

v 

where a is the weighted blow up of the point P with weights (1, 2, 5), (3 is the weighted blow up 
with weights (1,2,3) of the singular point of U that is a singularity of type |(1,2,3), 7 is the 
weighted blow up with weights (1,1,2) of the singular point of the variety W that is a quotient 
singularity of type 1, 2), and rj is an elliptic fibration. 

The proof of Proposition 122 . ll implies that T> ~q — kK\y, where T> is the proper transform of 
the linear system Ai on the variety W, and the set CS(VF, ^T>) does not contain subvarieties of 
the variety W that are not contained in the exceptional divisor of the morphism (3. 

We can apply arguments of the proof of Proposition 122.11 to the log pair (W, ^T>) to prove 
that the set CS(I^, ^T>) contains the singular point of W that is a singularity of type 4(1, 1, 2), 
which implies the existence of the commutative diagram 144.21 bv Theorem 12.21 

67 



Case n = 33 . 

The variety X is a hypersurface in P(l,2,3,5,7) of degree 17, the singularities of X consist 
of the point Pi that is a quotient singularity of type |(1, 1, 1), the point P2 that is a quotient 
singularity of type |(1,1, 2), the point P3 that is a quotient singularity of type |(1,2, 3), and 
the point P4 that is a singularity of type i(l, 2, 5). There is a commutative diagram 



1,2,3), 




where is the weighted blow up of the point P3 with weights (1, 2, 3), is the weighted blow 
up of the point P4 with weights (1, 2, 5), P4 is the weighted blow up with weights (1, 2, 5) of the 
proper transform of P4 on U3, is the weighted blow up with weights (1,2,3) of the proper 
transform of P3 on U4, /?5 is the weighted blow up with weights (1,2,3) of the singular point of 
the variety U4 that is a quotient singularity of type g(l, 2, 3) contained in the exceptional divisor 
of the morphism «4, 73 is the weighted blow up with weights (1, 2, 3) of the proper transform of 
the point P3 on the variety U45, 75 is the weighted blow up with weights (1, 2, 3) of the singular 
point of C/34 that is a quotient singularity of type |(1, 2, 3) contained in the exceptional divisor 
of the morphism /?4, and rj is an elliptic fibration. 

It follows from Pr op osition 13 . 71 and the proof of Proposition QSH] that CS(X, \M) = {P3, P4}. 

Let D34 be the proper transform of M. on C/34, and P5 and Pq be the singular points of 
the variety U34 that are quotient singularities of types g(l,2, 3) and | (1,1,1) contained in the 
exceptional divisor of the morphism (5^ respectively. Then £> 34 ~q —kKy M by Theorem 12.21 

It follows from Lemma 12.31 and the proof of Proposition 118. ll that P5 G CE>(Us4, ^^34), and 
the existence of the commutative diagram 144.21 follows from Theorem 12.21 

Case n = 35. 

The variety X is a hypersurface in P(l, 1, 3, 5, 9) of degree 18, whose singularities consist of the 
points Pi and P2 that are singularities of type |(1, 1,2), and the point P3 that is a singularity 
of type |(1, 1,4). There is a commutative diagram 



U 



X 



w 



P(l,l,3), 



where a is the blow up of P3 with weights (1,1,4), /3 is the blow up with weights (1,1,3) of the 
point of U that is singularity of type 4(1, 1,3), and 7/ is an elliptic fibration. 
It follows from Proposition ITTI that CS(X, \M) = {P 3 }. 

Let T> is the proper transform Ai on U. Then T> ~q —kK\j by Theorem 12.21 and it follows 
from Lemma 12.31 that CS(f7, rP) contains the singular point of U that is contained in the 
exceptional divisor of a. The existence of the diagram 144.21 follows from Theorem 12.21 

Case n = 41 . 

The variety X is a hypersurface in P(l, 1, 4, 5, 10) of degree 20, whose singularitiesconsist of 
the point O that is a singularity of type ^(1, 1, 1), the points Pi and P2 of type |(1, 1,4). 

The indeterminacies of ip are resolved by blowing up Pi and P2 with weights (1,1,4), it follows 
from Proposition 13. 71 that CS(X, \M.) Q {Pi, P2}, and the existence of the diagram 144 . 2 1 follows 
from the proof of Proposition 113.11 
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Case n = 42. 

The variety X is a hypersurface in P(l, 2, 3, 5, 10) of degree 20, the singularities of X consist 
of the points Pi, P2 and P3 that are quotient singularities of type ^(1, 1, 1), the point P4 that is 
a singularity of type ^(1, 1,2), the points P5 and Pq, that are singularities of types |(1,2,3). 

The indeterminacies of ip are resolved by blowing up P5 and Pq with weights (1, 2, 3), 

It follows from Proposition 13,71 that CS(X,^M) C {P 5 ,P 6 }, but the existence of the dia- 
gram HO is obvious if CS(X, \M) = {P 5 ,P 6 }. We may assume that CS(X, \M) = {P 5 }. 

Let a: U — > X be the weighted blow up of the point P5 with weights (1, 2,3), B be the proper 
transform of the linear system M on U, and O and <5 be the singular points of U that are 
quotient singularities of types |(1, 1, 2) and |(1, 1, 1) contained in the exceptional divisor of the 
morphism a respectively. Then it follows from the proof of Lemma 121.31 that CS(U, \B) = {Q}. 

Let £: Z — > C7 be the weighted blow up of the point Q with weights (1, 1, 1), T> be the proper 
transform of the linear system A4 on the variety Z, and 7i be the proper transform of the linear 
system | — 3Kx\ on the variety Z. Then T> ~q —kKz by Theorem 12.21 and the base locus of 
the linear system TL consists of a curve C such that a o ((C) is the base curve of | — 3Kx\- 

Let S be a general surface in 7i. Then S is normal, and the inequality C 2 < holds on the 
surface S, but the equivalence V\s ~q kC holds, which contradicts Lemmas 12.81 and |2.10l 

Case n = 45 . 

The variety X is a hypersurface in P(l, 3, 4, 5, 8) of degree 20, whose singularities consist of the 
point Pi of type |(1, 1, 2), the points P2 and P3 of type |(1, 1,3), the point P4 of type |(1, 3, 5). 
There is a commutative diagram 

U~ Y 



X --►P(l,3,4), 

where a is the weighted blow up of the point P4 with weights (1, 3, 5), (3 is the weighted blow up 
with weights (1,2,3) of the singular point of U that is a quotient singularity of type |(1,2,3) 
contained in the exceptional divisor of the morphism a, and r] is an elliptic fibration. 
It follows from Proposition O that CS(X, \M) = {P 4 }. 

Let B be the proper transform of the linear system M on the variety U, P5 be the singular 
point of the variety U that is a quotient singularity of type g(l, 2, 3) contained in the exceptional 
divisor of the morphism a, and Pq be the singular point of the the variety U that is a quotient 
singularity of type |(1, 1, 1) contained in the exceptional divisor of the morphism a. 

It follows from Lemma IP that CS(£7, \B) n {P 5 ,P6} + 0, but the proof of Proposition EEH 
easily implies that P5 E C§i(U, \B), which implies the existence of the commutative diagram 144.21 

Case n = 46 . 

The variety X is a hypersurface in P(l, 1,3, 7, 10) of degree 21, the singularities of X consist 
of the point P that is a singularity of type ^j(l, 3, 7). There is a commutative diagram 

P 7 
U" W * Y 



x -P(l,l,3), 

w 

where a is the blow up of P with weights (1, 3, 7), (3 is the blow up with weights (1, 3, 4) of the 
singular point of U that is a singularity of type ^(1, 3, 4), 7 is the blow up with weights (1, 1, 3) 
of the singular point of W that is a singularity of type ^(1, 1, 3), and rj is an elliptic fibration. 
It follows from Proposition O that CS(X, \M) = {P}. 

Let T> be the proper transform of the linear system M. on the variety W. Then it follows 
from the proof of Proposition I22.l1 that T> ~q — kKw, and the set CS(W, ^T>) does not contain 
subvarieties of the variety W that are not contained in the exceptional divisor of (3. 
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The set CS(M / , ^V) is not empty, because the divisor — Kyy is nef and big. Therefore, we can 
apply the arguments of the proof of Proposition 122, ll the the log pair (W, \T>), which implies 
that the set CS(W, 4l?) contains the singular point of W that is a singularity of type 4(1, 1, 3). 

The existence of the commutative diagram 144.21 is implied by Theorem 12.21 

Case n = 50. 

The variety X is a hypersurface in P(l, 1, 3, 7, 11) of degree 22, the singularities of X consist 
of the point P\ that is a quotient singularity of type 4(1, 1, 2), and the point P2 that is a quotient 
singularity of type ^(1,3,4). The equality — K\ = 2/21 holds. There is a commutative diagram 



U- 



X 



W 



■P(l,l,3), 



where a is the blow up of P2 with weights (1, 3, 7), (3 is the blow up with weights (1, 1, 3) of the 
singular point of U that is a singularity of type 4(1, 1,3), and 77 is an elliptic fibration. 
The proof of Proposition I22.l1 implies the existence of the diagram 144.21 

Case n = 54. 

The variety X is a hypersurface in P(l, 1,6,8,9) of degree 24, whose singularities consist of 
the point Pi type ^(1, 1,1), the point P2 of type |(1,1,2), the point P3 of type §(1,1,8). 
There is a commutative diagram 



U ■ 



P 



w 



Y 



X 



:i,i,e), 



where a is the blow up of P3 with weights (1,1,8), /3 is the blow up with weights (1,1,7) of the 
singular point of U that is a singularity of type |(1, 1, 7), 7 is the blow up with weights (1, 1, 3) 
of the singular point of W that is a singularity of type 1,6), and r] is an elliptic fibration. 
The existence of the diagram 144.21 follows from the proof of Proposition 114.11 

Case n = 55. 

The variety X is a hypersurface in P(l, 2, 3, 7, 12) of degree 24, whose singularities consist of 
the points Pi and P2 of type |(1, 1, 1), the points P3 and P4 of type ^(1, 1, 2), and the singular 
point P5 of type 4(1, 2, 5). There is a commutative diagram 



U 



X 



p 



w 



P(l,2,3), 



where a is the blow up of P5 with weights (1, 2, 5), (3 is the blow up with weights (1, 2, 3) of the 
singular point of U that is a singularity of type g(l,2, 3), and t] is an elliptic fibration. 
It follows from Proposition l3~7l that CS(X, \M) = {P 5 }. 

Let B be the proper transform of the linear system A4 on the variety U, and Pq and Pj be 
the singular points of U that are singularities of types ^(1, 1, 1) and |(1, 2, 3) contained in the 
exceptional divisor of a respectively. Then CS(U, ^B) C {Pq,P^} by Lemmas 12.11 12.31 and 12.41 

The existence of the diagram 144 . 2 1 follows from Theorem 12. 21 in the case when P7 E C§(£/, \B), 
which implies that we may assume that the set C§(£7, \B) consists of the point Pq. 

The hypersurface X can be given by the equation 

t 3 z + t 2 f 10 (x, y, z, w) + tfn(x, y, z, w) + f^(x, y, z, w) = c Proj \C[x, y, z, t, w]^j , 
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where wt(x) = 1, wt(y) = 2, wt(z) = 3, wt(i) = 7, wt(w) = 12, and fi(x,y, z,w) is a sufficiently 
general quasihomogeneous polynomial of degree i. Let 7: W — > C7 be the weighted blow up of 
the point Pg with weights (1, 1, 1), Tt be the proper transform of the linear system A4 on the 
variety W, V be the proper transform on the variety W of the pencil of surfaces that are cut on 
the hypersurface X by the equations Xx 3 + (j,z = 0, where (A, fi) € P 1 , and D be a sufficiently 
general surface of the pencil V. Then the base locus of the pencil V consists of the irreducible 
curves C, L and A such that a 07(C) is the base curve of | — 3Kx\, the curve j(L) is contained 
in the exceptional divisor of a, and the curve A is contained in the exceptional divisor of 7. 

The surface D is normal, the intersection form of the curves L and C on the surface D is 
negatively defined, but H\d ~q kC + kL, which is impossible by Lemmas 12.101 and 12,81 



Case n = 61 . 

The variety X is a hypersurface in 



(1,4,5,7,9) of degree 25, the singularities of X consist 



of the point P\ that is a quotient singularity of type |(1, 1,3), the point P2 that is a quotient 
singularity of type j (1, 2, 5), and the point P3 that is a quotient singularity of type §(1, 4, 5). 

The indeterminacies the map rational ip is resolved by the weighted blow ups of the singular 
points P2 and P3 with weights (1,2,5), and (1,4,5) respectively. 

It follows from Proposition 13 .71 that CS(X, \M) Q {P2, P3}, the proof of Lemma f36 . 21 implies 
that CS(X, r-M) = {P2,P3j-, and the existence of the diagram 144.21 follows from Theorem 12.21 

Case n = 62 . 

The variety X is a hypersurface in P(l, 1, 5, 7, 13) of degree 26, the singularities of X consist of 
the point P\ that is a quotient singularity of type |(1, 2, 3), and the point P2 that is a singularity 
of type y(l, 1, 6). The equality — K\ = 2/35 holds. There is a commutative diagram 



U 



X 



Y 



(1,1,5), 



where a is the weighted blow up of the point P2 with weights (1, 1,6), (5 is the weighted blow 
up with weights (1, 1,5) of the singular point of the variety U that is a quotient singularity of 
type |(1, 1, 5), and r\ is an elliptic fibration. 

It follows from Proposition 13.71 that CS(X, \M) Q {Pi, Pa}- Therefore, the existence of the 
commutative diagram 144.21 follows from the proof of Proposition 131. ll 

Case n = 63 . 

The variety X is a hypersurface in P(l, 2, 3, 8, 13) of degree 26, the singularities of the hyper- 
surface X consist of the points Pi, P2 and P3 that are quotient singularities of type |(1, 1, 1), 
the point P4 that is a quotient singularity of type |(1, 1, 2), and the point P5 that is a singularity 
of type |(1,3,5). The equality -K\ = 1/24 holds. 

There is a commutative diagram 



U 



Y 



X 



(1,2,3), 



where a is the weighted blow up of the point P5 with weights (1,3,5), and (5 is the weighted 
blow up with weights (1, 2, 3) of the singular point of the variety U that is a quotient singularity 
of type i(l, 2, 3) contained in the exceptional divisor of a, and i] is an elliptic fibration. 
It follows from Proposition [£3 that CS(X, \M) = {P 5 }. 

Let B be the proper transform of Ai on U, and Pq and P7 be the singular points of U that 
are quotient singularities of types g(l, 2, 3) and |(1, 1, 1) contained in the exceptional divisor of 
the morphism a respectively. Then it follows from Lemma 12.31 that the set CS>(U, \B) contains 
either the point Pq, or the point P7. 
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Suppose that the set C§(J7, ^B) contains the point P-j. Let 7: W — > U be the weighted blow 
up of the point Pj with weights (1, 1, 1), and 7i and V be the proper transforms of the linear 
system A4 and the pencil | — 2Kx\ on the variety W respectively. Then the base locus of the 
pencil V consists of the irreducible curves C and L such that the curve a o 7(C) is the unique 
curve in the base locus of the pencil | — 2Kx\, and the curve *y(L) is contained in the exceptional 
divisor of the birational morphism a. Moreover, the surface D is normal, and the equalities 



C-C 



12' 



L 



1c 

20 



L = - 



hold on D. Hence, the intersection form of the curves L and C on the surface D is negatively 
defined. On the other hand, the equivalence TL\d ~q kC + kL holds on the surface D, which 
contradicts Lemmas 12.101 and 12.81 

Therefore, the set C8([7, \B) contains the point Pq. Now the claim of Theorem 12.21 easily 
implies the existence of the commutative diagram 144.21 

Case n = 67. 

The variety X is a hypersurface in P(l, 1,4,9, 14) of degree 28, and the singularities of the 
hypersurface X consist of the point Pi that is a quotient singularity of type i(l, 1, 1), and the 



point P2 that is a quotient singularity of type |(1,4,5). The equality 
It follows from Proposition l3~TI that CS(X, \M) = {P 2 }- 
There is a commutative diagram 



-K x 



1/18 holds. 



U 



X 



W 



■P(l,l,4), 



where a is the weighted blow up of the point P2 with weights (1,4,5), /3 is the weighted blow 
up with weights (1, 1, 4) of the singular point of U that is quotient singularity of type 4(1, 1, 4), 
and rj is an elliptic fibration. 

The existence of the commutative diagram 144.21 follows from the proof of Proposition 122. ll 

Case n = 69 . 

The variety X is a hypersurface in P(l,4, 6, 7, 11) of degree 28, and the singularities of the 
hypersurface X consist of the points Pi and P2 that are quotient singularities of type |(1, 1, 1), 
and the points P3 and P4 that are quotient singularities of types |(1, 1, 5) yj(l, 4, 7) respectively. 



The equality 



1/66 holds, and there is a commutative diagram 



U 



W 



X ,--P(l,3,4), 



where a is the weighted blow up of the point P4 with weights (1,4, 7), (3 is the weighted blow 
up with weights (1, 3, 4) of the singular point of type y(l, 3, 4), and rj is an elliptic fibration. 
It follows from Proposition O that CS(X, \M) = {P 4 }- 

Let B be the proper transform of M. on U, and P5 and Pq be the singular points of U that 
are quotient singularities of types ^(1, 3, 4) and |(1, 1, 3) contained in the exceptional divisor of 
the morphism a respectively. Then it follows from Lemmas 12. II and 12.31 that CS(J7, ^B) contains 
either the point P5, or the point Pq. 

It follows from the proof of Lemma 128. 61 that the set CS(U, ^B) does not contain the singular 
point Pq. Thus, the set CS(C7, ^B) contains the point P5. 

The existence of the commutative diagram 144.21 follows from Theorem 12.21 



Case n = 71. 
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The variety X is a hypersurface in P(l, 1,6, 8, 15) of degree 30, whose singularities consist of 
the point Pi, P2 and P3 that are singularities of type 1(1,1,1), |(1, 1, 2) and |(1,1,7) respec- 
tively. The equality — K\ = 1/24 holds. There is a commutative diagram 



U 



X 



v 

(1,1,6), 



where a is the weighted blow up of the point P3 with weights (1, 1,7), (3 is the weighted blow 
up with weights (1, 1,6) of the singular point of U that is contained in the exceptional divisor 
of a, and 77 is an elliptic flbration. It follows from Proposition 13.71 that CS(X, \M) = {Pz}- 

Let T> be the proper transform of A4 on U. Then T> ~q —kKjj by Theorem 12.21 and it 
follows from Lemmas 12.11 and 12.31 that the set CS(P, ^T>) contains the singular point of U that 
is contained in the exceptional divisor of the morphism a. 

The existence of the commutative diagram 144.21 is implied by Theorem 12.21 

Case n = 76 . 

The variety X is a hypersurface in P(l, 5, 6, 8, 11) of degree 30, whose singularities consist of 
the point Pi, P2 and P3 that are singularities of type 1(1,1,1), |(1,3, 5) and ^-(1,5,6) respec- 
tively. The indeterminacies of the projection ip are resolved by the weighted blow up of the 
singular points P2 and P3 with weights (1,3,5) and (1,5,6) respectively. 

The proofs of Lemmas 129.31 and 136.21 implies that CS(X, \M) = {P2,Ps}, which implies the 
existence of the commutative diagram 144.21 due to Theorem 12.21 

Case n = 77. 

The variety X is a hypersurface in P(l, 2, 5, 9, 16) of degree 32, the singularities of X consist 
of the points Pi and P2 that are quotient singularities of type ^(1, 1, 1), the point P3 that is a 
quotient singularity of type g (1, 1,4), the point P4 that is a quotient singularity of type g(l, 2, 7). 

The equality — K\ = 1/45 holds, and there is a commutative diagram 



a rj 

X --^P(l,2,5), 

where a is the blow up of P4 with weights (1, 2, 7), (3 is the blow up with weights (1, 2, 5) of the 
singular point of U that is a singularity of type |(1, 2, 5), and r\ is an elliptic flbration. 
It follows from Proposition E3 that CS(X, \M) = {Pa}. 

Let B be the proper transform the linear system M. on the variety U, and P5 and Pq be 
the singular points of U that are singularities of types i(l,2, 5) and 1, 1) contained in the 
exceptional divisor of a respectively. Then CS(U, tB) fl {P5,Pe} 7^ by Lemmas 12 . 1 1 and 12 . 31 

Suppose that the set CS(U, tB) contains the point Pq. Let 7: W — ► U be the weighted blow 
up of the singular point P5 with weights (1, 1,1), H and T> be the proper transforms of the linear 
systems M and | — 16-ftTxl on the variety W respectively, D be a general surface of the linear 
system T>, and Pi and P2 be general surfaces of the linear system Tt. Then the base locus of the 
linear system T> does not contain curves. In particular, the divisor D is nef, but D ■ H\ ■ H\ < 0. 

Therefore, the set CS(U, %B) contains the point P5. Now the claim of Theorem 12.21 implies 
the existence of the commutative diagram 144.21 

Case n = 83 . 

The variety X is a general hypersurface in P(l, 3,4, 11, 18) of degree 36, and the singularities 
of the hypersurface X consist of the point Pi that is a quotient singularity of type ^(1, 1, 1), the 
points P2 and P3 that are quotient singularities of type 4(1, 1, 2), the point P4 that is a quotient 

73 



singularity of type tt(1, 4, 7). There is a commutative diagram 



U 



X 



w 



P(l,3,4), 



where a is the weighted blow up of the point P4 with weights (1, 4, 7), f3 is the weighted blow up 
with weights (1,3,4) of the singular point of U that is a quotient singularity of type ^(1,3,4), 
and 77 is an elliptic fibration. It follows from Proposition 13.71 that CS(X, \M) = {Pi}- 

Let B be the proper transform of A4 on U, and P5 and Pq be the singular points of U that are 
singularities of types ^(1, 3, 4) and 1, 3) contained in the exceptional divisor of the morphism 
a respectively. Then the proof of Proposition 125 . ll implies that CS(C/, ^B) does not contain the 
singular point Pq. Thus, the set C§(?7, ^B) contains the point P5 by Lemmas 12 . 1 1 and 12 . 31 and 
the existence of the diagram 144.21 follows from Theorem 12.21 

Case n = 85 . 

The variety X is a hypersurface in P(l, 3, 5, 11, 19) of degree 38, the singularities of X consist 
of the point Pi that is a quotient singularity of type |(1,1,2), the point P2 that is a quotient 
singularity of type g(l, 1, 4), and the point P3 that is a quotient singularity of type jj(l, 3, 8). 

The equality —K\ = 2/165 holds, and there is a commutative diagram 



U 



Y 



X --P(l,3,5), 

w 

where a is the weighted blow up of the point P3 with weights (1,3,8), f3 is the weighted blow 
up with weights (1, 3, 5) of the singular point of U that is a singularity of type g(l, 3, 5), and r\ 
is an elliptic fibration. It follows from Proposition 13.71 that CS(X, \M) = {Ps}- 

Let B be the proper transform of hA on U, and P4 and P5 be the singular points of U that 
are quotient singularities of types |(1, 3, 5) and |(1, 1, 2) contained in the exceptional divisor of 
the morphism a respectively. Then CS(U, ^B) n {P4, P5} 7^ by Lemmas 12.11 and 12.31 

Suppose that the set CS(Z7, \B) contains the point P5. Let 7: W — > U be the weighted blow 
up of the singular point P5 with weights (1, 1, 2), Tt and T> be the proper transforms of the linear 
systems Ai and | — 19-fOfl on the variety W respectively, D be a general surface of the linear 
system T>, and Hi and H2 be general surfaces of the linear system Tt. Then the base locus of 
the linear system T> does not contain curves. 

The divisor D is nef. In particular, the inequality D ■ H\ ■ H\ ^ holds, but it follows from 
the simple explicit computations that D ■ H\ ■ H\ = — 2/c 2 /15, which is a contradiction. 

Hence, the set CS(U, \B) contains the singular point P4. Thus, the existence of the commu- 
tative diagram 144.21 follows from Theorem 12.21 

Case n = 91 . 

The variety X is a hypersurface in P(l, 4, 5, 13, 22) of degree 44, the singularities of X consist 
of the point Pi that is a quotient singularity of type 1, 1), the point P2 that is a quotient 
singularity of type 3(1,2, 3), the point P3 that is a quotient singularity of type ^(1,4,9). 

The equality — K\ = 1/130 holds, and there is a commutative diagram 



U 



w 



X --P(l,4,5), 

w 
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where a is the weighted blow up of the point P3 with weights (1,4,9), (3 is the weighted blow 
up with weights (1,4,5) of the singular point of the variety U that is a quotient singularity of 
type |(1,4,5), and 77 is an elliptic fibration. 

It follows from Proposition [T7] that CS(X, \M) = {P 3 }. 

Let B be the proper transform of Ai on U, and P4 and P5 be the singular points of U that 
are quotient singularities of types §(1,4,5) and j(l, 1,3) contained in the exceptional divisor of 
the morphism a respectively. Then it follows from Lemmas 12 . 1 1 and 12 . 31 that CS(U, \HS) contains 
either the point P4, or the point P5. 

It follows from the proof of Proposition 125.11 that the set CS(U, \B) does not contain the 
singular point P5. Thus, the set CS(U, tB) contains the singular point P4, and the existence of 
the commutative diagram 144.21 follows from Theorem 12.21 □ 

The claim of Theorem II .101 is proved. 
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